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Abstract

We present a new method for proving explicit approximation lower bounds for the
Shortest Superstring problem, the Maximum Compression problem, Maximum Asym-
metric TSP problem, the (1, 2)-ATSP problem, the (1,2)-TSP problem, the (1, 4)-ATSP
problem and the (1, 4)-TSP problem improving on the best up to now known approxi-
mation lower bounds for those problems.

1 Introduction

We study explicit inapproximability bounds of several combinatorial optimization
problems connected to the Shortest Superstring and TSP problems. We start with the
definitions of the underlying problems.

The Shortest Superstring Problem (SSP) is the following problem: Given a finite
set S of strings and the objective is to construct their shortest superstring, which is the
shortest possible string such that every string in S is a proper substring of it.
The task of computing a shortest common superstring appears in a wide variety of applica-
tion related to computational biology [L90]. Vassilevska [VO5] proved that approximating
the SSP with less than 1217/1216 is NP-hard. The currently best known approximation
algorithm is due to Mucha [M12] and yields an approximation factor of 2.

In this paper, we prove that the SSP is NP-hard to approximate within any constant
approximation ratio less than 333/332.

The Asymmetric Traveling Salesman Problem (ATSP) is defined as follows: We
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are given an asymmetric metric space (V,d), that is, d is not necessarily symmetric, and
we would like to construct a shortest tour visiting every vertex exactly once.

The best known algorithm for the ATSP approximates the solution within
O(logn/loglogn) [AGM*10], where n is the number of vertices in the given metric
space. On the other hand, in [KLS13], it was proved that the ATSP is NP-hard to approxi-
mate to within any approximation factor less than 75/74. It is conceivable that the special
cases with bounded metric are easier to approximate than the cases when the distance
between two points grows with the size of the instance. Clearly, the (1, B)-ATSP, in which
the distance function is taking values in the set {1,..., B}, can be approximated within B
by just picking any tour as the solution. When we restrict the problem to distances one and
two, it can be approximated within 5/4 due to Blaser [BO4]. Furthermore, it is NP-hard
to approximate this problem with an approximation factor less than 321/320 [EKO6]. For
the case B = 8, in [EK06], a reduction was constructed yielding the approximation lower
bound of 135/134 for the (1, 8)-ATSP.

In this paper, we prove NP-hardness of approximating the (1,2)-ATSP and (1, 4)-ATSP
to within any approximation factor less than 207/206 and 141/140, respectively.

The Metric Traveling Salesman Problem (TSP) is a special case of the ATSP, in
which we are given a metric space (V,d) and the task consists of constructing a shortest
tour visiting each vertex exactly once.

The TSP in metric spaces is one of the most fundamental NP-hard optimization prob-
lems. Christofides [C76] gave an algorithm approximating the TSP within 3/2, that is, an
algorithm that produces a tour with length being at most a factor 3/2 from the optimum.
As for lower bounds, a reduction due to Papadimitriou and Yannakakis [PY93] and the
PCP Theorem [ALM™98] together imply that there exists some constant, not greater than
1+ 1075, such that it is NP-hard to approximate the TSP with distances either one or two.
For discussion of bounded metrics TSP, see also [T00]. Since then there was a series of re-
sults on the hardness of approximating the TSP improving the inapproximability threshold
to 123/122. (cf. [BS00], [E03], [PV06], [L12],[KLS13]).

The restricted version of the TSP, in which the distance function takes values in
{1,..., B}, is referred to as the (1, B)-TSP. The (1,2)-TSP can be approximated in poly-
nomial time with an approximation factor 8/7 due to Berman and Karpinski [BK06]. On
the other hand, in [EKO6], it was proved that the inapproximability threshold for the
(1, B)-TSP is 741/740 and 389/388 for B = 2 and B = 8, respectively.

In this paper, we prove that it is NP-hard to approximate the (1,2)-TSP and the
(1,4)-TSP to within any approximation factor less than 535/534 and 337/336, respectively.

The Maximum Compression Problem (MAX-CP) is defined as follows: We are
given a collection of strings S = {si,...,s,}. The task is to find a superstring for S with
maximum compression, which is the difference between the sum of the lengths of the
given strings and the length of the superstring.

In the exact setting, an optimal solution to the SSP is an optimal solution to the MAX-



CP, but the approximate solutions can differ significantly in the sense of approximation
factor. The Maximum Compression problem arises in various data compression problems
(cf. [S88]). The best known efficient approximation algorithm achieves an approximation
factor 1.5 [KLS*05] by reducing it to the MAX-ATSP defined below.

On the approximation lower bound side, Vassilevska [VO5] proved an inapproximability
threshold for the MAX-CP of 1072/1071.

In this paper, we prove that approximating the MAX-CP to within any approximation
factor less than 204/203 is NP-hard.

The Maximum Asymmetric Traveling Salesman Problem (MAX-ATSP) is defined
as follows: We are given a complete directed graph G and a weight function w assigning
each edge of G a non-negative weight. The task is to find a tour of maximum weight
visiting every vertex of (G exactly once .

This problem is well-known and motivated by several applications and in particular, a
good approximation algorithm for the MAX-ATSP implies a good approximation algorithm
for many other optimization problems such as the SSP, the MAX-CP and the (1,2)-ATSP
(cf. [BGSO02]).

The MAX-(0,1)-ATSP is the restricted version of the MAX-ATSP, in which the weight
function w takes values in the set {0,1}. Vishwanathan [V92] constructed an approx-
imation preserving reduction proving that every (1/«)-approximation algorithm for the
MAX-(0, 1)-ATSP yields a (2 — «)- approximation algorithm for the (1,2)-ATSP. Therefore,
all negative results concerning the approximation of the (1, 2)-ATSP transform into hard-
ness of approximation results for the MAX-(0, 1)-ATSP. Due to the explicit approximation
lower bound for the (1,2)-ATSP given in [EK06], it is NP-hard to approximate the MAX-
(0,1)-ATSP to within every approximation factor less than 320/319. The best known ap-
proximation algorithm for the restricted version of this problem is due to Blaser [BO4] and
achieves an approximation factor 5/4.

For the unrestricted version of the problem, Kaplan et al. [KLST05] designed an al-
gorithm with the best up to now known approximation upper bound of 3/2. Elbassioni,
Paluch and Zuylen [EPZ12] gave a simpler approximation algorithm for the problem with
the same approximation ratio. In this paper, we prove that approximating the MAX-ATSP
within every approximation factor less than 204/203 is NP-hard.

The preliminary versions of this paper appeared in [KS11] and [KS12].

2 The Proof Methods and the Summary of Results

The results of the paper depend on several new reductions from a bounded occurrence
CSP problem (cf. [KO1]) called the Hybrid problem, which was proven to be approxima-
tion hard to within some constant (cf. [BK99]). The reduction method defines for each
problem so called parity gadgets that are simulating the variables of the Hybrid problem
and also transmit the parity information to the gadgets that are simulating the linear
equation mod 2 with exactly three variables in the instance of the Hybrid problem. The

3



crucial point of the reduction is that we make essential use of the underlying structure of
the equations in the Hybrid problem, which are induced by a 3-regular amplifier graph.
This could be a more widely useful method for improving the approximation lower bounds
of other problems (see [KLS13] and [KS13] for two extensions of this idea).

The explicit approximation lower bounds are summarized in Table 1.

Problem Our Results Previously known
(1,2)-ATSP | 207/206 (Theorem 1 (i)) | 321/320 [EKO6]
(1,2)-TSP | 535/534 (Theorem 1 (ii)) | 741/740 [EK06]
(1,4)-ATSP | 141/140 (Theorem 1 (4i7)) | 321/320 [EKO6]
(1,4)-TSP | 337/336 (Theorem 1 (iv)) | 741/740 [EK06]
MAX-ATSP 204/203 (Corollary 1) 320/319 [EKO06]

MAX-CP | 204/203 (Theorem 1 (v)) | 1072/1071 [VO5]

SSP 333/332 (Theorem 1 (vi)) | 1217/1216 [VO5]

Table 1: Comparison of our results and previously known inapproximability factors.

3 Outline of the Paper

The organization of the paper is as follows. In Section 5, we formulate our main results. In
Section 6, we give the definition of the Hybrid problem and state some results concerning
its hardness of approximation. In Section 7, we construct the reduction from the Hybrid
problem to the (1,2)-ATSP. In Section 8, we give the proof of the approximation lower
bound for the (1,4)-ATSP. In Section 9, we present the inapproximability result for the
(1,2)-TSP. In Section 10, we consider the (1, 4)-TSP. In Section 11, we give the proof of the
claimed inapproximability thresholds for the SPP and the MAX-CP.

4 Preliminaries

For i € N, we use the abbreviation [i] for the set {1,...,i}. Given a finite alphabet ¥, a
string is an element of ¥*. Given a string v, we denote the length of v by |v|. For two
strings « and y, we define the overlap of x and y, denoted ov(x,y), as the longest suffix
of x that is also a prefix of y. Furthermore, we define the prefix of = with respect to y,
denoted pref(x,y), as the string u with x = u ov(z,y). Let z and y be two strings with
i = |ov(x,y)| > 0. We denote the string that is obtained by overlapping x with y by i letters

as T — .
Throughout in this paper, an instance (V,d) of the (1,2)-ATSP problem is specified by
means of a directed graph Dy, where (z,y) € A(Dy) if and only if d(z,y) = 1. A tour
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o C V x V in an asymmetric metric space (V,d) is a directed Hamiltonian cycle in the
associated directed graph (V,V x V') with total cost > __d(a). For n € N, we refer to an
arca € V x V as a n-arc if d(a) = n holds.

Let S be a collection of strings over ¥ such that no string is a proper substring of another
string in S. Then, we define an instance of the ASTP problem by (Vs, ds), where Vs =
SU{T'} with I" € ¥ and dgs(s;,s;) = |pref(s;,s;)| for all s;,s; € Vs. Note that we can
construct from a shortest tour in (Vs, dgs) of length (¢ + 1) a shortest superstring for S of
length ¢ and vice versa (e.g. [M12]).

Given S and a superstring s for S, we introduce the notion of compression of s with respect
to S denoted comp(s, S) and defined by comp(s, S) = >, ¢ lsi| — [s].

aco

5 Main Results

In the subsequent sections, we are going to prove the following Theorem.
Theorem 1. It is NP-hard to approximate
(i) the (1,2)-ATSP to within every constant factor less than 207 /206,

(17) the (1,2)-TSP to within every constant factor less than 535/534,

(23i) the (1,4)-ATSP to within every constant factor less than 141/140,

(iv) the (1,4)-TSP to within every constant factor less than 337/336,

(v) the MAX-CP to within every constant factor less than 204/203 and

(vi) the SSP to within every constant factor less than 333/332.

Since instances of the MAX-CP can be seen as restricted instances of the MAX-ATSP (cf.
[BGS02]), we obtain immediately the following corollary.

Corollary 1. It is NP-hard to approximate the MAX-ATSP within every constant factor less
than 204/203.

6 Hybrid Problem

In this section, we introduce the so called Hybrid problem and present the reduction
which was constructed in [BK99] in order to prove first explicit approximation lower
bounds for a number of bounded occurrence CSP optimization problems.

In order to prove hardness of approximation for the the Hybrid problem, we first
consider the MAX-E3LIN2 problem which is defined as follows.



Definition 1 (MAX-E3LIN2 problem). We have given a system [ of linear equations mod 2
and we want to find an assignment to the variables of I that satisfies the maximum number
of equations.

For the MAX-E3LIN2 problem, Hastad [HO1] gave an optimal inapproximability result
stated below.

Theorem 2 ([HO1]). For every e € (0,1/2), there exists a constant B, and instances I of the
MAX-E3LINZ2 problem with 2 - v equations such that:

(1) Each variable in the instance I appears in at most B, number of equations.

(17) It is NP-hard to decide whether there is an assignment leaving at most ¢ - vy equations
unsatisfied, or every assignment leaves at least (1 — €)y equations unsatisfied.

The Hybrid problem can be seen as a generalization of the MAX-E3LIN2 problem. Let
us first give the definition of the Hybrid problem following [BK99].

Definition 2 (Hybrid problem). We have given a system [ of linear equations mod 2 involv-
ing n variables, equations with exactly two variables, equations with exactly three variables
and we are supposed to find an assignment to the variables of I3, that satisfies the maximum
number of equations.

In the following, we are going to present the construction of restricted instances of the
Hybrid problem, in which every variable in the instance occurs in exactly 3 equations.
In particular, we are going to give the proof of the theorem due to Berman and Karpin-
ski [BK99] stated below.

Theorem 3 ([BK99]). For every constant ¢ € (0,1/2), there exist instances of the Hybrid
problem I, involving 60v equations with exactly two variables of the form z & y = 0 and 2v
equations of the form x &y & z = bwith b € {0, 1} such that: (i) Each variable occurs exactly
three times (i) It is NP-hard to decide whether there is an assignment to the variables that
leaves at most € - v equations unsatisfied, or else every assignment leaves at least (1 — €)v
equations unsatisfied. (iv) An assignment to the variables in I3, can be transformed efficiently
into an assignment satisfying all 60v equations with two variables without decreasing the
total number of satisfied equations in 3.

We are going to describe briefly the reduction from the MAX-E3LIN2 problem to the Hybrid
problem and give the proof of Theorem 3. For this, let us first give some definitions and
in particular, review some properties of amplifier graphs (see also [BKO1] and [BK03]).
One application of amplifier graphs is proving hardness of approximation for Constraint
Satisfaction problems, in which every variable occurs a bounded number of times.

Definition 3 (Regular amplifier). Let G be a graph and X C V(G). The graph G is a
d-regular amplifier for the set X if the following two conditions hold:

(1) The vertices in X have degree (r — 1), whereas all vertices in V (G)\ X have degree r.



(i1) For every subset S C V(G) with S # (), we have the condition that
[E(S, V(G\S)| = min{|.S 0 X|, [(V(G)\S) N X[},
where E(S,V(G)\S) is defined as {e € E(G) | |[SNe| =1}.

We refer to the set X C V(G) as the set of contact vertices, whereas V (G)\ X is the set
of checker vertices.

In [BKO1], a very special 3-regular amplifier graph was constructed and called wheel
amplifier. Let us give the description of a wheel amplifier.
A wheel amplifier VW with 2n contact vertices is constructed by creating a Hamiltonian cycle
on 14n vertices 1,2, ..., 14n with edge set C'(W). Afterwards, a perfect matching M (W) is
chosen uniformly at random from the vertices whose number is not a multiple of 7. The
vertices, that are matched, are our checker vertices and the remaining vertices are the
contact vertices. The union of M (W) and C'(WV) is the edge set of W.

Berman and Karpinski [BKO1] proved the following theorem on the existence of 3-
regular amplifier graphs.

Theorem 4 ([BKO1]). With high probability, wheel amplifier are 3-regular amplifier.
We are ready and give the proof of Theorem 3.

Proof of Theorem 3. For a fixed € € (0,1/2), let I an instance of the MAX-E3LIN2 problem,
in which the number of occurences of each variable is bounded by a constant B,.

For each variable x; in /, we denote by n; the number of equations in which x; appear
in /. For each variable z;, we introduce a set of i := 7 - n; new variables V; = {xéﬁ ;‘:1.
Furthermore, we create a wheel amplifier W, on p vertices with n; contact vertices. Since d;
is bounded by B,, W, can be constructed in constant time. In the remainder, we call z; € V;
a contact variable if the corresponding index is a contact vertex of VV,;. The remaining
variable in V; are called checker variables.

Let us now define the equations of the instance /3, of the Hybrid problem: For each
edge {j,k} € M(W)), we introduce = @ zj, = 0 and refer to those equations as matching
equations. For each edge {I,t} in C(W,), we create z} & z! = 0. We refer to the equation
x1 ® w9 = 0 as the cycle border equation. All other remaining are called cycle equations.
Finally, we substitute the (-th appearance of z; in I by the contact variable z; with { = 7- (.
Summarizing, we have 2v equations with three variables in [, 60r equations with two
variables and each variable occurs in exactly 3 equations.

We call an assignment ¢ to the variables of I, consistent if for each variable z; in I,
there is a b; € {0,1} such that 2% = b; for all j € [u]. By the properties of a amplifier
constructed in Theorem 4, we can transform efficiently an assignment to the variables
of I3 into a consistent one without decreasing the number of satisfied equations and the
proof of Theorem 3 follows. O



7 The (1,2)-ATSP

Given an instance of the Hybrid problem [/, we want to transform [ into an instance
of the (1,2)-ATSP. Fortunately, the special structure of the linear equations in the Hybrid
problem, produced by the reduction due to Berman and Karpinski [BK99], is particularly
well-suited for our reduction, since a part of the equations with two variables form a
Hamiltonian cycle and every variable occurs exactly three times. The main idea of our
reduction is to make use of the special structure of the wheels in I3;. Every wheel W), in I
corresponds to a subgraph D, in the instance DJ} of the (1,2)-ATSP. Moreover, D, forms
almost a cycle, which can be traversed in two directions. An assignment to the variable
2! will have a natural interpretation in this reduction. The parity of 2! corresponds to the
direction of movement in D; of the underlying tour.

Figure 1: An illustration of a tour in Dj?.

The wheel graphs Dy, ..., D, of D;? are connected and build together the inner loop of
Dj? (Figure 1). Every variable 2! in a wheel W, possesses an associated parity gadget P/
(Figure 2 (a)) in D, as a subgraph. The two natural ways to traverse a parity gadget will
be called 0/1-traversals and correspond to the parity of the variable z!. Some of the parity
gadgets in D; are also contained in graphs D3® (Figure 4 and Figure 5 for a more detailed
view) corresponding to equations with three variables of the form x ®y® 2z = 0 = b3. Note
that we may assume that equations with three variables are all of the form z © y & z = 0,
where x,y and z are variables or negated variables. Those graphs are connected and build
the outer loop of D}?. In the outer loop of the tour, we check whether the 0/1-traversals of
the parity gadgets correspond to an assignment that satisfies the underlying equation with
three variables. If an underlying equation is not satisfied by the assignment defined via
0/1-traversals of the associated parity graphs, we will have to use an arc with weight 2.

7.1 Constructing a Tour from an Assignment

Given a instance of the Hybrid problem 1[5, we are going to construct the corresponding
instance Dj} of the (1,2)-ATSP. For every type of equation in I3, we will introduce a
specific graph or a specific way to connect the so far constructed subgraphs. In particular,
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we will distinguish between graphs corresponding to cycle equations, matching equations,
cycle border equations and equations with three variables. First of all, we introduce
graphs corresponding to variables in /.

vl0 it vl v vl0 it i

1 (2 (2 (2 (2

(a) Parity gadget P! | (b) 1-traversal of P! | (c) O-traversal of P!

Figure 2: Traversals of the parity gadget P/. Traversed arcs are illustrated by thick arrows.

Variable Graphs: For every variable z! in I;;, we introduce the parity gadget P! consisting
of the vertices {v!!, v+, v{°}, which is displayed in Figure 2(a).

T ) T

10 Ve
o—
1 1L 1 1L 0

Figure 3: Connecting the parity gadget P!

Matching and Cycle Equations: Let [;; be an instance of the hybrid problem, W, a
wheel of I;; and M, the associated perfect matching. Furthermore, let 2} @ 2/, = 0 with
e ={i,j} € M(W),) and i < j be an matching equation. For 2! ®z!,, = 0O and 2} @z}, =0,
we introduce the associated parity gadget P! consisting of the vertices v%, v'* and vl/*.
In addition to it, we connect the parity gadgets P}, P/,,, P}, P!,, and P! as displayed in
Figure 3.

Equations with three variables: Let z} & 2% @ xf = 0 = b} be an equation with three

variables in I3;. Then, we introduce the graph D3® (Figure 4), which consists of the vertices

Se, UL, 02, v3 and s., ;. Papadimitriou and Vempala [PV06] used this graph in their reduction

cr “cd

and proved the following statement.

Lemma 1 ([PVO6]). There is a Hamiltonian path from s, to s.., in Figure 4 if and only if
an even number of dashed arcs is traversed.



Figure 4: Gadget simulating x ® y & z = 0.

This construction is extended by replacing the dashed arcs with the parity gadgets P!,
B¢ and P, where e = {i,i + 1}, b= {j,j + 1} and a = {¢,¢ + 1}. In Figure 5, we display
D3® with its connections to the graph corresponding to the cycle equation z} ¢ z},, = 0.

If x; appears negated in the equation with three variables, we connect the parity gad-

gets via (vi!, vl9), (vég_l, oY) and (vl vf-?rl).

Figure 5: Graph D3® corresponding to xﬁ@xj@xf = 0 = b? connected to gadgets simulating
toxé@xéﬂ =0.

Cycle Border Equations: Let W, and W, be wheels of I;. In addition, let 2t ® 2, = 0
be the wheel border equation of WW,. Then, we introduce the vertex b, and connect it to v’
and v!'. Let b, be the vertex corresponding to the wheel W, ;. We draw an arc from v’
and vl to by .
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7.2 Constructing a Tour from an Assignment

In this section, we are going to prove one direction of the reduction. In particular, we are
going to prove the following lemma.

Lemma 2. Let 6 € (0, 1) be a constant, I;; an instance with n wheels, 60 - v equations with
two variables and 2 - v equations with exactly three variables and ¢ an assignment, which
leaves ¢ - v equations in I3 unsatisfied. Then there exists a tour in the corresponding instance
D37 with total cost at most 206 +n + 2+ 6 - v.

Proof. Let I3 be an instance of the Hybrid problem consisting of the wheels Wy, W, ...,
W,, 60v equations with 2 variables and 2v equations with three variables. Suppose we
have given an assignment ¢ to the variables of I, leaving ¢ - v equations unsatisfied for a
constant d € (0,1). We are going to construct the associated Hamiltonian tour o4 in D;?.
According to Theorem 3, we may assume that all equations with 2 variables in [, are sat-
isfied by ¢. Thus, all variables associated to a wheel take the same value under ¢. The
Hamiltonian tour o, in D;} starts at the vertex b;. From a high-level view, o, traverses all
graphs corresponding to equations associated with the wheel W, using the ¢(x})-traversal
of all parity graphs that correspond to variables of J/; ending with the vertex b,. Succes-
sively, it passes all graphs for each wheel in 3, until it reaches the vertex b,, = s; as sy is
the starting vertex of the graph D>®.

At this point, the tour begins to traverse the remaining graphs D3®, which are simu-
lating the equations with three variables in [;;. By now, some of the parity graphs ap-
pearing in graphs D?® already have been traversed in the inner loop of o,. The outer
loop checks whether for each graph D3®, an odd number of parity graphs has been tra-
versed in the inner loop. In every situation, in which ¢ leaves the underlying equation
unsatisfied, the tour needs to use a 2-arc. Hence, the tour in D;} has total cost at most
3-60v+(3-34+4)-2v+(n+2)+4-v. O

7.3 Constructing an Assignment from a Tour

Let I3 be an instance of the Hybrid problem, D}? the associated instance of the (1,2)-ATSP
and o a tour in D;?. We are going to define the assignment ¢, to variables in ;;. In
addition to it, we establish a connection between the total cost of & and the number of
satisfied equations by v,. Let us first introduce the notion of consistent tours.

Definition 4 (Consistent Tour). Let I3 be an instance of the Hybrid problem and Dj} the
associated instance of the (1,2)-ATSP. A tour in D;} is called consistent if every parity graph
in D;? is traversed by means of a 0/1-traversals.

Due to the following lemma, we may assume that the underlying tour is consistent.

Lemma 3. Let I3, be an instance of the Hybrid problem and D37 the associated instance of the
(1,2)-ATSP. Any tour o in D;} can be transformed in polynomial time into a consistent tour
with at most the same cost as o.
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Proof. For every parity graph contained in D3?, it can be seen by considering all possibilities
exhaustively that every tour in D;? that is not using the corresponding 0/1-traversals can
be modified into a tour with at most the same number of 2-arcs. Some cases are shown in
Figure 6 and Figure 7. O

M2
R0

Figure 6: It is possible to transform the traversals in the upper row into the traversals in
the lower row without increasing the total cost of the tour.

ARAR

Let us define the assignment 1, given a consistent tour o in D?.

Definition 5 (Assignment 1),). Let I3, be an instance of the Hybrid problem, D.? the as-
sociated instance of the (1,2)-ATSP. Given a consistent tour o in D37, the corresponding as-
signment 1, : Var(Iy) — {0,1} is defined as ¢, (x!) = 1 if o uses a 1-traversal of P! and 0

=

Figure 7: It is possible to transform the traversal in the left column into the traversal in
the right column without increasing the total cost of the tour.

We are going to prove the other direction of the reduction and give the proof of the
following lemma.
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Lemma 4. Let § € (0, 1) be a constant, I3, an instance with n wheels, 60-v equations with two
variables and 2 - v equations with exactly three variables. Let o be a tour in the corresponding
instance D;} of the (1,2)-ATSP with length 206v + (n + 2) + 6 - v. Then, we can convert o
into a tour w without increasing its length such that the corresponding assignment 1, leaves
at most § - v equations in Iy unsatisfied.

Proof. We are going to analyze different parts of the underlying tour. In particular, we
consider different subgraphs of D}? simulating equations and define a lower bound on
the sum of the length of arcs in the subgraph that are needed to define a tour in D}? in
dependence whether the associated assignment 1), is satisfying the underlying equation.
Let us start with graphs corresponding to matching equations.

Matching equations: Suppose we have given the equations z; ® z;41 = 0, z; @ z; = 0,
x; ® zj41 = 0 and a tour o passing the graphs displayed in Figure 3, we are going to
analyze the relation between the cost of the tour and the number of satisfied equa-
tions by ¢,. In some cases, we have to transform o without increasing the cost in
order to obtain an assignment that satisfies more equations. The following definition
will be useful in this context. We introduce the notion of local cost of a tour ¢ in
Ve, ) = {vl, vt vé(zﬂ),vf?rl,vfl,vﬁl, vi'}, where e = {i, j}. Futhermore, for an arc (z, y),

e’ e

we define V ((z,y)) = {z, y}.

d(a)
o -2 X 5

veV(el) a€o:veV(a)

In the following, we prove that given a tour with local cost ¢,(V (e,l)) = (7 + u), then,
there is an assignment that leaves at most u equations unsatisfied out of z; ® ;4,1 = 0,
.CEZ'@.T]' :Oandxj@xjH = 0.

1.Case wa(xi) S¥ 2/}cr(xi—&J) = 03 ¢o(xi) D 1%(%') = 0 and 7pcr(xj) S ¢G(xj+1) = 0: No-
tice that the local cost of o in V(e,l) can be bounded from below by 7, since each of
the 7 vertices needs to be visited. Assuming v, (z;) = ¥, (2;) = Vo(2;) = Vo(j31) = 1,
the tour o traverses (vi',vlS,), (v!',v), (v¥,0L"), (v, o) and (v l(Hl),v]H) The case
Yo (7)) =106 (Tir1)=%0 ()= (xj11)=0 can be discussed analogously. In both cases, we

obtain ¢,(V (e, 1)) = 7 while 1), is satisfying all 3 equations.

2.Case Y, (7;) B Yo(Tit1) = 0, Yo(z:) & ¢o(x;) = 1 and ¢y(z;) & Yo(zjt1) = 0: In
both cases, we have ¢,(V(e,l)) > 8, which corresponds to the fact that i, leaves
the equation z; @ z; = 0 unsatisfied. Note that a similar situation holds in case of

Vo (i) = Vo (iy1) = 0 and P, (75) = Yo (7j41) = 1.
3.Case Zbg(.fi) D T,ng(fﬂ_l) = O, wa<xi) % ¢U(xj) = 0 and wa(-rj) ) 7vZJU(xj-H) = L:
Given ¢, (z;) = Vy(2;41) = 1 and ¥, (x;) # ¥, (z;41) = 0, we are forced to use two 2-arcs

increasing the cost by 1. Thus, we obtain ¢,(V (e, 1)) > 8. The case ¢, (z;) = Vy(zi11) =0
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and v, (z;) # ¥,(z;4+1) = 1 can be analyzed analogously. A similar argumentation holds
fOl’ wa($i) D ,lvba(xi-i-l) = 1, 1/%—(%) D wa(xj) =0 and ¢J(xj) S 77[]0(1‘]4-1) = 0.

4.Case Vo(xi) ® Yo(it1) = 1, Yo(zi) ® Yolz;) = 0 and Yo(z;) & Yo(2j41) = 1t
Given ¢, (z;) # Y, (xiy1) = 0 and ¥, (z;) # Vo (z;41) = 0, we are forced to use four 2-arcs
in order to connect all vertices. Consequently, it yields ¢,(V (e,l)) > 9. The case, in which
Vo (i) # Yo (2i41) = 0 and ¢, () # Vo (z,;41) = 0 holds, can be discussed analogously.

Figure 8: 5.Case with ¢, (7;) = ¥, (7;41) = 1 and ¥, (z;) # ¥ (2;11) = 1.

5.Case ¢U(xz) S %(%H) =0, 1/)0(%) S5 1/)0($j) = 1 and I/JU(ZEJ') D l/Jo(xj—&-l) = 1: Let o
be characterized by v, (x;) = ¢, (xi11) = 1 and ¢, (z;) # ¥(z;+1) = 1. We may assume
that o uses the arc (v!',v}},). The corresponding situation is illustrated in Figure 8 (a).
We transform o such that it traverses the parity graph P! in the other direction and
obtain v, (z;) = 1. This transformation induces a tour with at most the same cost. On
the other hand, the corresponding assignment ), satisfies at least 2 — 1 more equations
since z} @ 4, = 0 might get unsatisfied. In this case, we associate the local costs of 6
with ¢. In the other case, in which ¢, (z;) = ¥,(;41) = 0 and ¢, (x;) # Y (z;41) = 0 or

Vo (23) B Vo (xiz1) = 1, Yo () ® Yo (x;) = 1 and ¥y (x;) B Yo (z;41) = 0 holds, we may argue
similarly.

6.Case ¢U(5Ei) D wa(xi—kl) = 1, ¢0<xi) @ 77Z)0'(xj) = 1 and 77Z}0'(xj) S 7pa(xj—i-l) = L
Given a tour o with ¢, (z;) # ¥,(xi41) = 1 and ¥, (z;) # Y,(xj41) = 0, we transform o
such that it traverses the parity graph P} in the opposite direction meaning t,(z;) = 0.
This transformation enables us to use the arc (v%,,v!"). Furthermore, it yields at least
one more satisfied equation in [;. In order to connect the remaining vertices, we are
forced to use at least two 2-arcs. In summary, we associate the local cost 9 with this

situation in conformity with the at most 2 unsatisfied equations by 1,. The case, in which
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Yo (x;) # Yo (xi41) = 0 and ¢, () # ¥y (z,;41) = 1 holds, can be discussed analogously.

In summary, given a tour o passing the graphs displayed in Figure 3 with local cost
(7 + u), then, we can efficiently modify o without increasing the total cost such that the
assignment 1),, leaves at most u equations unsatisfied out of z; & z;4; =0, z; ® x; = 0 and
ZL‘j D ZEj_H = O

As for the next step, we are going to analyze the parts of a tour passing graphs cor-
responding to equations with exactly three variables.

Equations with three variables: Let z} @ 2% @ 2, = 0 = b} be an equation with

three variables in ;. Let zf @ z},, = 0, 25 ® 2%,, = 0 and z}, & x}_, = 0 be the associated

cycle equations in 3. For notational simplicity, we set e = {i,i + 1}, d = {k,k + 1}

and b = {j,7 + 1}. Let us also define local cost of ¢ in V3® = {s.,s..1} U V., where
= {ve, 02, 02} UV(P) UV(PY) UV (Fy).

o (V3®) = Z d((sgv))Jr Z ((v' 8c+1 _I_Z Z @

(sc,v)€0 (v',Sc41)E0 veEVe a€o: veV (a)

We are going to analyze the the number of satisfied equations by ), in dependence to the
local cost of o in V?. In the first step, we transform the tour traversing the graphs P}, P/,
and P! such that o uses the 1, (z})-traversal of P!. We also apply similar modifications to
the graphs P and P}. Afterwards, due to the construction of D?*® and Lemma 1, we are
able to transform o such that it has local cost in V*® of 3 - 3+ 4 if it passes an even number
of parity graphs P € {P!, P}, P} while using a simple path through D3®. Otherwise, it
yields ¢, (V3®) > 13 + 1.

In the following, we are going to analyze the gadgets corresponding to the equation
zt @zl =0, where x also appears in z} @ z} @ zj, = 0. For this, we introduce local cost
ofo in Ve, 1) = {oi*, vl }.

GVen= Y Y

veEV(e,l) a€o: veEV (a)

In particular, we are going to prove that given a tour o with local cost ¢, (V (e, 1)) = 2, then,
we can efficiently modify ¢ without increasing the total cost such that the assignment ),
satisfies 2! @ 2t | = 0.

1. Case (¢, (z}) ® ¢, (x} ;) = 0): Note that ¢,(V(e,l)) is bounded from below by 2. In
both cases, we transform the tour such that it uses the 1, (z!)-traversal of P! without
increasing its total cost. Exemplary, we display such a scenario for the case ¥, (z}) = 1 and
Y,(2t,;) = 1 in Figure 9 (a) and the transformed tour in Figure 9 (b). In both cases, we

have ¢,(V (e, 1)) = 2.
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Figure 9: Case (¢, (%) = 1 and ¢, (2}, ;) = ).

2.Case (Y, (z}) = 1 and ¢, (2} ;) = 0): Let us assume that ¢, (z}) & 1y (25) & by (2) = 0
holds. Due to Lemma 1, it is possible to transform the tour such that it uses the
0-traversal of the parity graph P! without increasing the total cost. In the other case,
ie. y(z}) ® Vo(23) @ Ys(x}) = 1, we will change the value of 1), (z}) achieving in
this way at least 2 — 1 more satisfied equation. Let us examine the scenario and
the corresponding transformation in Figure 10 (a) and (b), respectively. The tour
uses the O-traversal of the parity graph P!, which enables ¢ to pass the parity check in

D?®. In both cases, we obtain ¢,(V (e, 1)) > 3 in conformity with the 1 unsatisfied equation.

3.Case ¢, (z}) = 0 and ¢,(z},,) = 1: Assuming v, (z}) ® ¢, (z}) ® ¢,(al) = 0, the
tour will be modified such that the parity graphs P! and P' are traversed in the same
direction. Since we have ¢, (z!) ® ¢, (z}) ® ¢, (2}) = 0, we are able to uncouple the parity
graph P! from the tour through D?® without increasing its total cost.

Assuming v, (z}) ® 1, (z}) @ ¥, (xt) = 1, we transform o such that the parity graph P! is
traversed when o is passing through D3® meaning v? — v* — vt — vl — 02 is a part of
the tour. In addition, we change the value of 1, (z!) yielding at least 2 — 1 more satisfied
equations. In both cases, we associate the local cost of 3 with . On the other hand, v,
leaves at most one equation unsatisfied.

In summary, given a tour o passing the graphs corresponding to z! @ z!,, = 0,
i@t =0,z ®xp,, =0and 2} @ xid ) = 0, it is possible to transform o in polynomial
time into a tour 7w without increasing the total cost such that sum of the local cost of 7 in
V3% Ve, l), V(a, k) and V (b, s) is 4+ 3-3+ 3 -2+ and the number of unsatisfied equation
by ¢ outof al @l , =0, 25@as,, =0,z @2}, = 0and 2! @2 ® ], = 0 is bounded by w.
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Figure 10: Case 1(z}) = 1, ¢, (z},,) = 0 and ¢, (z}) ® Vo (z5) & Vo (a}) = 1.

Cycle border equations: Let 2} @ 2, = 0 be a cycle border equation. We also
define local cost of a tour o in V}! = {b;, b1} U V;'2, where V}!2 = {0 vil}.

ce (V) = Z M—F Z d((bgw))+ Z Z @

(by,v2)€0 (v1,bi41)€0 veV)!? a€o:veV(a)

Let us analyze the local cost of o.

Case ¥, (z}) ® ¥, (25) = 0: Since we account half the length of arcs that are leaving b,
and entering b;,; and also half the length of arcs that are leaving and entering v¥ and v!!,
co(V}!) is bounded from below by 1 + 1 + 2 - 0.5. In both cases (v, (z}) = ¥, (x}) € {0,1}),
it is possible to construct a tour with ¢, (V}!) = 3.

Case 1, (z}) # 1, (x}): Let us assume that 1, (z}) # 1, (z}) = 0 holds. We note that there
is a vertex v € {v¥?, v{!} such that o is using a 2-arc to enter v. Also, in order to enter the
vertex b1, we see that we need to use another 2-arc. It implies that ¢, (V}') > 4. In the
case (1, (z}) # ¥, (z}) = 1), we may argue similarly and get ¢, (V}}) > 4.

In summary, given a tour o passing the graphs corresponding to z} ® z} = 0, it is
possible to transform o in polynomial time into a tour = without increasing the total cost
such that 7 has local cost in V}! of 3 if the equation x! & 2z}, = 0 is satisfied by 1), and at
least 4 otherwise.

Finally, we note that half of the weight of the arcs entering and leaving a vertex v of a
parity gadget is bounded from below by 1.

Suppose that we have given a tour ¢ in DJ]? with total cost 206 + n + 2 + ¢ - v.
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Figure 11: It is possible to transform the traversals in the left columns into the traversals
in the right columns without increasing the total cost of the tour.

We are going to subtract the lower bound on the local cost for each part of the tour. It
implies that the number of unsatisfied equations is bounded from above by

206 +n+2+d5-v—(3-60v+2v-13+n+2)=4§-v
and the proof of the lemma follows. O
We are ready to give the proof of Theorem 1.(7).

Proof of Theorem 1.(i). Given an instance /; of the MAX-E3LIN2 problem with n variables
and 2v equations, for all 6 > 0, there exists a constant ks such that if we repeat each
equation k; time, we get an instance Il(k) with 2v = k2~ equations and n variables such
that (n + 2)/2v < § holds.

Then, from [ fk), we generate an instance /3 of the Hybrid problem and the correspond-
ing directed graph D}?. Due to Lemmata 2 and 4, and Theorem 3, we know that for all
e > 0, it is NP-hard to tell whether there is a tour with cost at most 206v +n +2 +¢e-v <
206 - v + awv or all tours have cost at least 206 - v+ (1 —€)v +n+2 > 207-v — « - v, for some
« that depends only on « and §. Finally, we note that the ratio between these two cases
can get arbitrarily close to 207/206 by appropriate choices for ¢ and 4. ]

8 The (1,4)-ATSP

In order to prove the claimed hardness results for the (1,4)-ATSP, we use the same con-
struction as described in Section 7 with the difference that all arcs in parity graphs have

18



Figure 12: It is possible to transform the traversals in the left columns into the traversals
in the right columns without increasing the total cost of the tour.

weight 1, whereas all other arcs contained in the directed graph DJ7 obtain the weight 2.
Let us call this new weighted graph DJ}. The induced asymmetric metric space (V3, dy)
is given by V3, = V(D}}) with distance function dy, which is defined by the shortest path
metric in D;} bounded by the value 4.

In other words, given z,y € V4, the distance between x and y in V3 is

dy(z,y) = min{length of a shortest path from x to z in D}/, 4}.

The only difficulty that remains is to prove that every tour in (1%, dy) can be trans-
formed efficiently into a consistent tour without increasing the total cost. This statement
can be proved by considering all possibilities exhaustively. Some cases are displayed in
Figure 11 and 12.

We are ready to give the proof of Theorem 1.(7ii).

Proof of Theorem 1.(iii). Suppose we are given I3 an instance of the Hybrid problem con-
sisting of n wheels, 60 equations with two variables and 2v equations with three variables,
we construct in polynomial time the associated instance (V3 dy) of the (1, 4)-ATSP.

Let ¢ an assignment to the variables of [, leaving ¢ - v equations unsatisfied in I3, with
5 € (0,1). Then, there exists a tour with total cost at most

60v-(2+42)+20-(3-4+2-4)+2-(5-v)+2(n—+2).
On the other hand, if we are given a tour ¢ in (V4 d3) with total cost 280-v+2-(§-v)+

2(n + 2), it is possible to transform o in polynomial time into a tour = without increasing
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the total cost such that the associated assignment ), leaves at most § - v equations in [y
unsatisfied.

Similarly to the proof of Theorem 1, we may assume that 2(n + 2)/v < 7 holds. Ac-
cording to Theorem 3, we know that for all ¢ > 0, it is NP-hard to decide whether there is
a tour with total cost at most 280v + 2(n + 2) + 2¢ - v < 280 - v + 2aw or all tours have total
cost at least 280-v+2(1 —¢€)v+2(n+2) > 282-v—2a- v, for some o which depends only on
e and 7. The ratio between these two cases can get arbitrarily close to 282/280 = 141/140

by appropriate choices for ¢ and 7. O
L Rl
Uil Vil
L0 RO
Yil Vil
Parity graph P! 1-traversal O-traversal

Figure 13: 0/1-Traversals of the parity gadget F.

9 The (1,2)-TSP

In order to prove Theorem 1 (ii), we apply the reduction method used in the previous
section to the (1,2)-TSP. As for parity gadgets, we use the graph depicted in Figure 13
with its corresponding traversals. The traversed edges are displayed by thick lines. The
vertices in the set {v!, v, 050 v50} are called contact vertices of P..

Let I3 be an instance of the hybrid problem produced in the reduction in Theorem 3.
Let 2} ® =} = 0 be a matching equation in Iy, and «! ® 2}, = 0 and 2} ® 2}, = 0 the
corresponding the cycle equations. We connect the associated parity gadgets P!, P!

+1>
Py, ;y» P} and P}, as displayed in Figure 14.

Figure 14: The construction simulating «} @« = 0, 2} @ z},, = 0 and 2, ® 2!, = 0.
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For equations with three variables z ® y ® z = 0 = b? in I, we use the graph G3® depicted
in Figure 15. Engebretsen and Karpinski [EKO6] used this graph in their reduction and
proved the following statement.

Figure 15: Graph G2 simulating to z @& y ® z = 0.

Lemma 5 ([EKO06]). There is a simple path from s, to s..; in Figure 15 containing the vertices
v € {v},v2} if and only if an even number of parity gadgets is traversed.

clrc

Let z; @ z;41 = 0 be a cycle equation and z; ® y @ z = 0 an equation with three
variables in ;;. We denote the parity graphs that simulate ; ® z;;,; = 0 by P! and P}, ;.
Furthermore, we denote the parity gadget for z; as P, which is a subgraph in G3®
simulating «; © y © » = 0. Then, we connect vf' with v{;} ), and v/® with v{!;,. Finally, we
create {v(l ), V(ny }-

For each cycle border equation '} &z}, = 0 in I3, we introduce the path p, = b} —b? —b}. In
addition, we connect b} and b/, , to the parity gadgets P} and P; in a similar way as in the
reduction from the Hybrid problem to the (1,2)-ATSP. More precisely, we add the edges
{b1, 03’} {brar, 0"} b, vy} and {by, vt}

For the last cycle equation z7 @ 2% = 0, we create the path b}, — b2, — s1, where s; is
a vertex of G5, This is the whole description of the corresponding graph GY,.

We are ready to give the proof of Theorem 1.(i7).

Proof of Theorem 1.(ii). Let I3 be an instance of the Hybrid problem consisting of n
wheels, 60r equations with two variables, 2v equations with three variables. and G37
the associated instance of the (1,2)-TSP.

Suppose we are given an assignment ¢ to the variables of I3, leaving ¢ - v equations
unsatisfied with 6 € (0,1), then, we can construct a tour Gj; with total cost at most
8-60r+(3-8+3)-2v+3(n+1)+1+0-v.
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Figure 16: It is possible to transform the traversals in the upper row into the traversals in
the lower row without increasing the total cost of the tour.

On the other hand, if we are given a tour o in G}? with total cost 534v+3(n+1)+1+44-v,
it is possible to transform ¢ in polynomial time into a tour = without increasing the total
cost such that all parity gadgets in G}? are traversed by means of 0/1-traversals. Some
cases are displayed in Figure 16. Moreover, we are able to construct in polynomial time an
assignment to the variables of I, which leaves at most dv equations in /,; unsatisfied.

Similarly to the proof of Theorem 1, we may assume that (3n + 4)/v < 7 holds. Ac-
cording to Theorem 3, we know that for all ¢ > 0, it is NP-hard to decide whether there
is a tour with total cost at most 534v + 3(n+ 1) + 1+ ¢-v < 534 - v + av or all tours have
total cost at least 534 - v+ (1 — )y +3(n+ 1) +1 > 535 - v — « - v, for some « depending
only on € and 7. The ratio between these two cases can get arbitrarily close to 535/534 by
appropriate choices for ¢ and 7. O

i HE 4

Parity graph P! | 1-Traversal of P/. | 0-Traversal of P..

Figure 17: 0/1-Traversals of the graph P..

10 Approximation Hardness of the (1,4)-TSP

In order to prove the claimed approximation hardness results for the (1, 4)-TSP, we cannot
use the same parity graphs as in the construction in the previous section since tours are
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not necessarily consistent in this metric. For this reason, we introduce the parity gadgets
displayed in Figure 17 with the corresponding traversals.

In order to define the new instance of the (1,4)-TSP, we replace all parity gadgets in
G737 by graphs displayed in Figure 17. In the remainder, we refer to the whole construction
as the graph GJ;.

The construction for a matching equation =} @/ = 0, and its associated cycle equations

zi @k, =0and 2! @z, = 0 are displayed in Figure 18.

Figure 18: Construction simulating «} & 2 = 0, 2! @ 2!, =0 and 2! ¢ 2!, = 0.

All edges contained in a parity graph have weight 1, whereas all other edges have
weight 2. The remaining distances in the associated metric space V3, are induced by the
metric in G} bounded by the value 4 meaning

dy({z,y}) = min{length of a shortest path from x to y in G3/, 4}.

This is the whole description of the associated instance (V3 dy) of the (1,4)-TSP. We
are ready to give the proof of Theorem 1.(iv).

Proof of Theorem 1.(iv) . Suppose we are given [, an instance of the Hybrid problem con-
sisting of n wheels, 60 equations with two variables and 2 equations with three variables,
we construct in polynomial time the associated instance (V3,, d#) of the (1,4)-TSP problem.

For a constant 6 € (0, 1), we are given an assignment ¢ to the variables of [, leaving
J - v equations unsatisfied in /3. Then, we can construct a tour in (V4 d3,) with total cost
atmost 60v - (2+8)+2v-(3-10+2-3)+6n+8+2-iv.

On the other hand, if we are given a tour o in (V3 dy,) with length 67204 6n+8+2-0v, it
is possible to transform ¢ in polynomial time into a tour 7 such that it uses 0/1-traversals
of all parity graphs contained in G} without increasing the total cost. Some cases are
displayed in Figure 19 and 20. Furthermore, we are able to construct in polynomial time
an assignment to the variables of I;;, which leaves at most 20v equations in 3 unsatisfied.

Similarly to the proof of Theorem 1.(i), we may assume that (6n + 8)/v < 7 holds.
According to Theorem 3, we know that for all ¢ > 0, it is NP-hard to decide whether there
is a tour with total cost at most 672v +6n +8 +€-2-v < 672 - v + a - 2v or all tours have
cost atleast 672-v+ (1 —¢)-2v+6n+8 > 674-v — a2 - v, for some « that depends only on
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Figure 19: It is possible to transform the traversals in the left column into the traversals in
the right column without increasing the total cost of the tour.

e and 7. The ratio between these two cases can get arbitrarily close to 674/672 = 337/336
by appropriate choices for € and 7. O

11 The Shortest Superstring Problem

In this section, we construct a reduction from the Hybrid problem to the SSP and give the
poof of Theorem 1.(vi). Let us first give a high-level view of the reduction in order to build
some intuition.

11.1 Main Idea of the Reduction

Let z; ® x;,1 = 0 be a cycle equation of a given instance [, of the Hybrid problem. A parity
gadget for x; ® z;,1; = 0 in the instance S, of the SSP is a subset S; C Sy containing two
strings s} and s?. The strings s! and s? can be overlapped by two letters in two different

ways: s! = s2 or s2 = s'. We refer to those special alignments as 0/1-alignments and
they define the value that we will assign to ;. The basic idea of the construction is the
following: The 0/1-alignments of two consecutive cycle equations are structured in such
a way that they can be overlapped by one letter if they use the same 0/1-alignment. The
parity information of the variables in the Hybrid problem will be transported by means of
0/1-alignments to the gadgets that are simulating equations with exactly three variables. If

the underlying equation with three variables is left unsatisfied by the assignment defined
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Figure 20: It is possible to transform the traversals in the left column into the traversals in
the right column without increasing the total cost of the tour.

via 0/1-alignments, it is not possible to overlap all the 0/1-alignments of the variables, that
are involved, by one letter implying a longer superstring for S.

11.2 Description of the Instance S, of the SSP

Given an instance /4 of the Hybrid problem, we define a set of corresponding strings for
every equation in [ and their specific alignment. We assume that all variables in [
appear unnegated in equations. Therefore, equations with three variables are of the form
rPydz=0orxdydz=1. We begin with the description of the strings corresponding
to cycle border equations.

Strings for cycle border equations: Given a cycle border equation z; @& 2 = 0,
we introduce six associated strings. The string L,C! is used as the initial part of the super-
string corresponding to this wheel, whereas C R, is used as the end part. Furthermore, we
introduce strings that represent an assignment that sets either the variable x; to 1 or the
variable z, to 0: CLz0z'CT and z{!CTCLz3. The strings, that represent an assignment
that sets either the variable x; to 0 or the variable x5 to 0, are given by CLz5'z7°CT and
2CTCLatt. The following two alignments are called the 0-alignment of the four strings.
Clamogicr 2 gerclym0 and 2m0CTCLas! 2 CLatla™0CT. On the other hand, we the
define the 1-alignment as z/'C7CLa7® 2 Clam0z0CT and Clasla™®Cr 2 2m0CTClLas!,
Next, we describe the strings corresponding to matching equations.

Strings for matching equations: Let z; © z; = 0 be a matching equation in I3, with i < j.
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Then, we introduce two strings of the form z7°zz7'z!" and z]'2!'270z?. We define the

i J
70,071,011 2, r1,11,.70,.10

. . 2
0-alignment and 1-alignment as &7%2Px7' !t = 2722702 and a7 22702 = 2702007 211,

respectively.

Strings for Equations with Three Variables: We now concentrate on equations
with exactly three variables. Let t &y & 2z = b;’? be an equation with three variables
in I,. For every equation z ® y @ z = b%, we define two corresponding sets S(b?)
and S”(%), both containing three strings. Finally, the set S(b?) is defined as the union
S(b3) U S*(b3). We distinguish whether z @ y @ z = b} is of the form z Dy ® 2 = 1
or z ®y @z = 0. An equation of the form = © y ® z = 0 is represented by S%(b?)
containing the strings z"'*z'y"'y", y'y"amC; and 2™ *Ciamat. SP(b?) consists of
g Ptt ) 22 Ciam? and Cya™02™ P o The strings in S(b?) can be overlapped by two
letters in a cyclic fashion to obtain three different constellations. A suitable constellation

can be used to connect with 0/1-alignments corresponding to cycle equations. The

. 2 2 .
string gty Yt S yrlyttam0eC; S am0eCiamtea!! = s represents the assignment

x = 1, whereas the constellation y™'y/'a0*C; 5 gm0eCyzriogt B grieghyriylt = sV is
representing y = 1. Finally, the string 2"%*Cjz" 2!y oyt 2m9C; = s%' can be used to
overlap with C;a™z" Pz 271 21 Cia™0 = s)7" consisting of the strings in S”(?) in the case
r=0,y=0,and z = 0. z"2"C;z™° 2 ijmox“ﬁx” 2y Byl il Sijz is used in the
case z = 1.

The sets S*(b3) and S°(b?) representing equations of the form = & y & z = 1 can be
constructed analogously. Next, we describe the strings corresponding to cycle equations.

Strings for cycle equations: Let W, be a wheel in I;; and M(W,) its associated
perfect matching. We suppose that {7, j} and {i + 1, j'} are both contained in M (W, ) with
i < j. Then, we introduce the corresponding strings for z; & x;,1 = 0: If i + 1 < j' holds,
we have 2702 227t and ltal} 2027 . We define the 0-alignment and 1-alignment as

7 7
m0,mO0 ,.01,.rl 1,.r1 ,.m0,mO0 11,71 ,m0,m0 2 m0,.m0 ,.l1,.rl :
Fareal = el o xly, respectively. In the

Ty T Ty T - v wpg g e and @
case (i + 1 > j'), we use 2027 zt'a™) and zitatY 20270 . The strings for the remaining
cases can be defined analogously.

If the variable z; appears in an equation of the form z; ® y ® z = 0, we introduce three
Strings for T, D x; = 0 o r1f 01 rlo 11 .rla,.m0 m0 ,.m0,.01 .1l

mO0 B
qxy Ca a2 and o ezl x; 7. The

strings for the case (z; ® y & z = 1) can be defined analogously.

11.3 Constructing the Superstring from an Assignment

In this section, we are going to construct a superstring given an assignment to the variables
of I, and give the proof of the following lemma.

Lemma 6. Let 0 € (0,1) be a constant, I;; an instance with n wheels, 60 - v equations with
two variables and 2 - v equations with exactly three variables and ¢ an assignment leaving
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d - v equations in I unsatisfied. Then, it is possible to construct efficiently a superstring for
Sy with length at most 332 - v + 8 - n + 0 - v and compression at least 4n + 204 - v — 6 - v.

Proof. For a fixed constant § € (0, 1), let ¢ be an assignment to the variables of [, leaving
J - v equations unsatisfied. According to Theorem 3, we may assume that all variables that
are associated to a wheel take the same value under ¢. Let {W,}7_, be the set of wheels
associated with I5,. For each wheel W,, we are going to construct the corresponding string
s according to the assignment ¢. The superstring for Sy, is defined by the concatenation
Si s;--- sh. Let {a]}7_, be the set of variables that is associated to the wheel W,. Let
us assume that ¢(z5) = 1 holds. Then, we use the 1-alignments of all sets associated
to equations with exactly two variables in the wheel W,. The string s begins with the
following substring.

1 2
LpC’fD — C;xgleocg = xTOC;C’fngl
Let us assume that 2, @ z; = 0 is a matching equation in /. Then, we align xTOC;C;:cgl
with the 1-alignment of the strings associated with zo ® z; = 0, 2 ® z3 = 0 and so on.

1 2 1 2
xTOC;CZI,xgl — xglxélx;-ox;o = x’;oxgoxglxlzl — xlzlxglxgwm?o — xgnox})"o
Let us consider the case that z;_; @ x; = 0 is an equation with two variables and x; also
appears in an equations with three variables of the form z; ® y ® 2® = 0 = b;. We assume
that we have x; = 1, z = 1 and y = 0. Then, we make use of the following alignments.

1 r1g 11 rla

2 2 18 1 7l 2
gt ol Palt grte S gl prtegml pmo m0 .m0 .11 .r1f rif 11 r1 Il

zrlz”ijTO EN C’jx?‘ox;mmél EN xilxﬁla:;”ox;’}rol 2, x?oxﬁ%xﬁlxﬁl...
The string s/, ends with the substring «1' C; Cl 25" N ClayzilCy N C R,. If we have given
¢(25) = 0, then, we use the 0-alignments of the sets corresponding to equations with two
variables.

We are going to describe which strings we use for equations with three variables. Let
x @y ® z = 0 be an equation with exactly three variables in 3. Let us first consider the
two cycle equations x; 1 @ = 0 and = @ z;,; = 0. We note that the two associated 0/1-
alignments can be overlapped by one letter if both use the 0-alignment. Let us assume that
the associated strings are using 1-alignments. Then, we want to overlap the constellation
for z = 1 of the strings in S*(b?) with each 1-alignment by one letter. That means if we
have an assignment to z, y and = that satisfies z @ y ® z = 0, we can use the corresponding
constellations (for which the associated variable takes the value 1) of the strings in the sets
S(b3) and SP(b?) such that the two resulting fragments can be overlapped by one letter
from each side with strings corresponding to equations with two variables.

On the other hand, if the assignment is not satisfying, then, we can use at least one
constellation to overlap with 1-alignments of strings. But, all in all, we lose an overlap of
one letter compared to the number of overlapped letters in case of a satisfying assignment.

In summary, for each equation with two variables, we use a 0/1-alignment, which yields
59v strings with length 6. (Except in the case when the variable appears in an equation with

27



three variables. We will add 2 for each equation with three variables to the length of the
superstring.) For each equation with three variables, we use an appropriate constellation
and obtain 2 - 2v strings with length 8. For cycle border equations, we use 0/1-alignments
as well. It yields two strings of length 6 and two strings of length 2.

All these fragments can be overlapped each by one letter except in the case when the
equation with three variables is not satisfied. In this case, we lose an overlap of one letter.
Thus, we obtain a string with length at most (6 — 1) -60v+2-(8—1)-2v+2-2v+8n+ dv.
This string achieves a compression at least

60v(2-4)4+2v(6-4+2-4)+(2-4+2-2)n— (3320 + 8n + dv) = 204v + 4n — v

and the proof of the lemma follows. O

11.4 Defining an Assignment from a Superstring

In this section, we are going to prove the other direction of our reduction. Given a su-
perstring for Sy, we are going to define an assignment to the variables of I3, and give the
proof of the following lemma.

Lemma 7. Let 6 € (0, 1) be a constant, I;; an instance with n wheels, 60 - v equations with
two variables and 2 - v equations with exactly three variables. If there is a superstring for Sy
with length 344 - v + 8 - n 4+ § - v and compression 4n + 204 - v — § - v, then, it is possible to
construct efficiently an assignment that leaves at most § - v equations in I, unsatisfied.

Proof. Let s be a superstring for S with length 344 - v 4+ 8 - n + ¢ - v. First, we are going
to apply local transformation in order to define our assignment to the variables of I.
Let us consider the two strings s; = z}'z}'2}%2" and s; = 272/’ 2} z!' that are associated
to a matching equation. Note that s; as well as s; can have an overlap of at most one
letter with strings in Sy \{s;, s;}. Since a 0/1-alignment of s; and s; yields an overlap of
two letters, we can rearrange the strings in s such that s’ is a superstring for S;; with
at most the same length as s and s’ contains a 0/1-alignment of s; and s; as substring.
Due to this transformation, we may assume that the underlying superstring contains only
0/1-alignments of strings corresponding to equations with two variables. In addition, the
0/1-alignment of the strings corresponding to x; ®x; 1 = 0 defines the value that we assign
to the variable z;.

Let us analyze gadgets for matching equations: Suppose we are given the five equations
T,i1®x; =0, x; Dri1 = 0, Tj—1 @l’j =0, z; @Ij =0 and X @l‘j+1 = 0. Let S be the set of
strings corresponding to the equations above. Since the length of the strings is exactly 4, we
can convert S into an instance (Vs, dg) of the (1, 4)-ATSP. We notice that we obtain a similar
structure as in the reduction to the (1,2)-ATSP (see Figure 21). Analogously to Lemma 4,
we define transformation such that if (3 — u) of the 0/1-alignments can be overlapped by
one letter, then, the associated assignment leaves at most u equations unsatisfied out of
T; D Tit1 =0, I’Z‘@l‘j :Oandxj@xj+1 = 0.
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Figure 21: The construction simulating z; $ z,41 = 0, z; & x; = 0 and z; $ z,;+1 = 0. Dotted
and straight arrows represent arcs a with d(a) = 3 and d(a) = 2, respectively. For all other
arcs a, we have d(a) = 4.

Let us now consider gadgets corresponding to equations with three variables: Due to
rearrangements we may assume that the superstring contains one of the constellations
that are associated to the equation z @ y @ z = 0 = b?. Therefore, we obtain two strings s;
and 3?, which can be overlapped by one letter with 0/1-alignments of cycle equations. For
b € {0, 1}, we denote by s?_ and s’(’i e the b-alignment of the strings corresponding to the
equation ;_ @ = 0 and = @ x4, = 0, respectively. The strings s}, s{;.,,),» 5;. and s{
have a similar meaning.

Let us first assume that for v € {z,y, 2}, the strings sf7 and s%ﬁfm are using the
same (/1-alignment, that is, we have b;;; = b;. We are going to show that we can use
the constellations to overlap with the 0/1-alignments each by one letter if the equation
x @y ® z =0 is satisfied: Let us assume that z = 0, y = 0 and z = 0 holds. Then, we get

0 A coat 1 L0z 1 00 o L .0 0 1 .0
Sop o of (i+1)2> Sky = S(kr1yy and sg, =S¢, We count 5 letters that can be

overlapped in this case.

t+1)z

1 1 1 1
For z = 0,y = 0 and z = 1, we have s}, = s.* — 8?t+1)z’ sO = S(()i—i-l)ac and s, — 3?k+1)y.
. . . . 1
We obtain only 4 letters that we overlapped in this case. Observe that by using sg;vl — sg;w,

it is not possible to achieve more letters that we can overlap. The other cases t +y+ 2z =1
can be discussed similarly.

Assuming (z + y + z = 2), it is possible to overlap s; and s; with the 0/1-
alignments of the variables that take the value 1. Note that s! can be either the
string !l 2" Pglt prie 2 ol griogml pmo 2 a0 Ol g8 or gl griogmlpmo 2
om0 pmOgll grif 2, gl griByll grle In each case, we obtain 5 letters that we can over-
lap.

Suppose we have = + y + z = 3. Then, it is possible to align 3]1 and s? from both sides with
0/1-alignments. Note that it is not possible to overlap the remaining two 0/1-alignments.
Thus, we obtain in total 4 letters that we can overlap.

Summarizing, in the cases, when = & z & y = 0 is left unsatisfied, it yields one less letter,
that is overlapped.
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Finally, we observe that if the two strings sf7 and sl(”'+1 corresponding to a variable v have

i+1)y
. . . b; b;
not the same 0/1-alignment, that is b; # b;,1, only one of the strings s;? and s(ij;ll)7 can be
N N N 1 2 . . o . . bL . b;
aligned with either s; or s3. In addition, it is not possible to overlap s;? with s(ijrll)V by one

letter. This corresponds to the fact that the cycle equation is not satisfied. The gadgets for
cycle border equations can be analyzed very similarly. In conclusion, given a superstring
for Sy with length 344 - v+ 8 -n+ § - v and compression 4n + 204 - v — § - v, it is possible to
extract efficiently an assignment that leaves at most Jv equations in /5, unsatisfied. O

We are ready to give the proof of Theorem 1.(v) and 1.(vi).

11.5 Proof of Theorem 1.(v) and 1.(vi).

For a fixed 6 > 0, we are given an instance [3; of the Hybrid problem with n wheels, 2v
equations with three variables and 60~ equations with two variables such that 8n/v < ¢
holds. Then, we construct the associated instance S». Due to Lemmata 6, 7 and Theo-
rem 3, we know that for all € > 0, it is NP-hard to tell whether there is a superstring with
length at most 344 - v+ 8 -n+¢€-v < 344 - v + (§ + €)v or all superstrings have length at
least 344v + (1 —¢)v +8 - n > 345 - v — € - v. The ratio between these two cases can get
arbitrarily close to 345/344 by appropriate choices for ¢ and 0.

Similarly, we conclude that for all ¢ > 0, it is NP-hard to tell whether there is a super-
string with compression at least 204-v+4-n—¢e-v > 204 - v — € - v or all superstrings have
compression at most 204v — (1 —e)v +4-n <203 - v+ (e +6) - v. O]
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