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Abstract

We study the approximation hardness of the Shortest Superstring, the
Maximal Compression and the Maximum Asymmetric Traveling Salesperson
(MAX-ATSP) problem. We introduce a new reduction method that produces
strongly restricted instances of the Shortest Superstring problem, in which
the maximal orbit size is eight (with no character appearing more than eight
times) and all given strings having length at most six. Based on this reduction
method, we are able to improve the best up to now known approximation
lower bound for the Shortest Superstring problem and the Maximal Compres-
sion problem by an order of magnitude. The results imply also an improved
approximation lower bound for the MAX-ATSP problem.

1 Introduction

In the Shortest Superstring problem, we are given a finite set S of strings and
we would like to construct their shortest superstring, which is the shortest possible
string such that every string in S is a proper substring of it.

The task of computing a shortest common superstring appears in a wide va-
riety of application related to computational biology (see. e.g. [L88] and [L90]).
Intuitively, short superstrings preserve important biological structure and are good
models of the original DNA sequence. In context of computational biology, DNA
sequencing is the important task of determining the sequence of nucleotides in a
molecule of DNA. The DNA can be seen as a double-stranded sequence of four
types of nucleotides represented by the alphabet {a,c, g,¢}. Identifying those
strings for different molecules is an important step towards understanding the
biological functions of the molecules. However, with current laboratory methods,
it is quite impossible to extract a long molecule directly as a whole. In fact, bio-
chemists split millions of identical molecules into pieces each typically containing
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at most 500 nucleotides. Then, from sometimes millions of these fragments, one
has to compute the superstring representing the whole molecule.

From the computational point of view, the Shortest Superstring problem is an
optimization problem, which consists of finding a minimum length superstring for
a given set S of strings over a finite alphabet ¥. The underlying decision version
was proved to be NP-complete [MS77]. However, there are many applications
that involve relatively simple classes of strings. Motivated by those applications,
many authors have investigated whether the Shortest Superstring problem be-
comes polynomial time solvable under various restrictions to the set of instances.
Gallant et al. [GMS80] proved that this problem in the exact setting is still NP-
complete for strings of length three and polynomial time solvable for strings of
length two. On the other hand, Timkovskii [T90] studied the Shortest Superstring
problem under restrictions to the orbit size of the letters in ¥. The orbit size of
a letter is the number of its occurrences in the strings of S. Timkovskii proved
that this problem restricted to instances with maximal orbit size two is polynomial
time solvable. He raised the question about the status of the problem with maxi-
mal orbit size k for any constant £ > 3. It is known that the Shortest Superstring
problem remains NP-hard for the following strongly restricted instances, such as

(7) all strings have length four and the maximal orbit size is six [M94],
(77) the size of the alphabet of the instance is exactly two [GMS80], and
(27i) all strings are of the form 10p10q, whereby p, ¢ € N [M98].

In order to cope with the exact computation intractability, approximation algo-
rithms were designed to deal with this problem. The first polynomial time ap-
proximation algorithm with a constant approximation ratio was given by Blum et
al. [BJLT94]. It achieves an approximation ratio 3. This factor was improved in
a series of papers yielding approximation ratios of 2.88 by Teng and Yao [TT93];
2.83 by Czumaj et al. [CGP"94]; 2.79 by Kosaraju, Park, and Stein [KPS94]; 2.75 by
Armen and Stein [AS95]; 2.67 by Armen and Stein [AS98] and 2.596 by Breslauer,
Jiang, and Jiang [BJJ97]. The currently best known approximation algorithm is
due to Sweedyk [S99] and yields an approximation ratio of 2.5.

On the lower bound side, Blum et al. [BJL."94] proved that approximating the
Shortest Superstring problem is APX-hard. However, the constructed reduction
produces instances with arbitrarily large alphabets. In [099], Ott provided the
first explicit approximation hardness result and proved that the problem is APX-
hard even if the size of the alphabet is two. In fact, Ott proved that instances
over a binary alphabet are NP-hard to approximate with an approximation ratio
% (1.000057) — € for every ¢ > 0. In 2005, Vassilevska [VO5] established
an improved approximation lower bound of 21T (1.00082) by using a natural
construction. The instances constructed in [VO5] have a special structure. More
precisely, Vassilevska proved that there are instances of the Shortest Superstring
problem with maximal orbit size 20 such that approximating these instances with
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less than {375 (1.00082) is NP-hard. In this paper, we prove that even instances

of the Shortest Superstring problem with maximal orbit size 8 are NP-hard to
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approximate with less than 22 (1.0029).
Maximal Compression problem. We are given a collection of strings
S = {s1,...,s,}. The task is to find a superstring for S with maximum
compression, which is the difference between the sum of the lengths of the given
strings and the length of the superstring.

In the exact setting, an optimal solution to the Shortest Superstring problem
is an optimal solution to this problem, but the approximate solutions can differ
significantly in the sense of approximation ratio. The Maximal Compression prob-
lem arises in various data compression problems (cf. [SS82], [S88] and [MJ75]).
The decision version of this problem is NP-complete [MS77]. Tarhio and Ukko-
nen [TU88] and Turner [T89] gave approximation algorithms with approximation
ratio 2. The best known approximation upper bound is 1.5 [KLST05] by reducing
it to the MAX-ATSP problem, which is defined below.

On the approximation lower bound side, Blum et al. [BJL*94] proved the
APX-hardness of the Maximal Compression problem. The first explicit approx-
imation lower bounds were given by Ott [099], who proved that it is NP-hard
to approximate this problem with an approximation factor 1151¢ (1.000089) — € for
every ¢ > (0. This hardness result was improved by Vassilevska [VO5] implying
a lower bound of 12 (1.00093) — ¢ for any ¢ > 0, unless P = NP. In this

paper, we prove that approximating the Maximal Compression problem with an
207

approximation ratio less than 53 (1.0048) is NP-hard.

Maximum Asymmetric Traveling Salesperson (MAX-ATSP) problem. We
are given a complete directed graph G and a weight function w assigning each
edge of G’ a nonnegative weight. The task is to find a closed tour of maximum
weight visiting every vertex of GG exactly once .

This problem has various applications and in fact, a good approximation al-
gorithm for MAX-ATSP yields a good approximation algorithm for many other
optimization problems such as the Shortest Superstring problem, the Maximum
Compression problem and the Minimum Asymmetric (1, 2)-Traveling Salesperson
(MIN-(1, 2)-ATSP) problem. The latter problem is the restricted version of the Min-
imum Asymmetric Traveling Salesperson problem, in which we restrict the weight
function w to weights one and two. The MAX-ATSP problem can be seen as a gener-
alization of the MIN-(1, 2)-ATSP problem in the sense that any (+)-approximation
algorithm for the former problem transforms in a (2 — «)- approximation algo-
rithm for the latter problem. Due to this reduction, all negative results concerning
the approximation of the MIN-(1, 2)-ATSP problem imply hardness results for the
MAX-ATSP problem. Since MIN-(1,2)-ATSP is APX-hard [PY93], there is little
hope for polynomial time approximation algorithms with arbitrary good precision
for the MAX-ATSP problem. On the other hand, the first approximation algorithm
for the MAX-ATSP problem with guaranteed approximation performance is due to
Fisher, Nemhauser, and Wolsey [FNW79] and achieves an approximation factor
of 2. After that Kosaraju, Park, and Stein [KPS94] gave an approximation algo-
rithm for that problem with performance ratio 1.66. This result was improved by



Blaser [BO2] who obtained an approximation upper bound of 1.63. Lewenstein
and Sviridenko [LS03] were able to improve the approximation upper bound for
that problem to 1.60. Then, Kaplan et al. [KLST05] designed an algorithm for the
MAX-ATSP problem yielding the best known approximation upper bound of 1.50.
On the approximation hardness side, Engebretsen [E99] proved that, for any
2805

€ > 0, there is no (5;; — €)-approximation algorithm for MIN-(1, 2)-ATSP, unless

P = NP, which yields an approximation lower bound of 2552 (1.00035) — ¢ for

the MAX-ATSP problem. The negative result was improved by Engebretsen and

Karpinski [EKO6] to 22 (1.0031) — ¢ for the MIN-(1,2)-ATSP problem. It implies

the best known approximation lower bound of 223 (1.0031) — ¢, unless P = NP.

In this paper, we prove that approximating the MAX-ATSP problem with an ap-
207

proximation ratio less than 55 (1.0048) is NP-hard.

2 Preliminaries
In the following, we introduce some notation and abbreviations.

Throughout, for ¢ € N, we use the abbreviation [i]] for the set {1,...,i}.
Given an finite alphabet X, a string is an element of ¥*. Given two strings
v=1v- v, and w = wy - - - w,, over %, we define the length of v denoted by |v| as
n. Furthermore, v is a substring of w, if m > n and there exists a j € {0,..,n — m}
such that for all ¢« € [m], v; = w;4,;. w is said to be a superstring of v if v is a
substring of w. Given a set of strings S = {si,...,s,} C ¥¥, astring s € ¥* is a
superstring for S if s is a superstring of every s; € S. Given a superstring s for S,
the compression of s, denoted as comp(S, s) is defined as

comp(S,s) = Z |si| — |s].

s; €S

In addition, we introduce the notion of the maximal orbit size of S which is given
by

IgleaEXHSg €EX|a=s,5=s---5" 5 €S}

We are ready to give the definition of the Shortest Superstring problem and the
Maximal Compression problem.

Definition 1. Given an alphabet ¥ and a set of strings S = {s1,..., s, } C X* such
that no string in S is a substring of another string in S, in the Shortest Superstring
problem we have to find a string s for S of minimum length, whereas in the Max-
imum Compression problem, we have to find a superstring s for S with maximum
compression.

In the following, we concentrate on the traveling salesperson problems. We begin
with the definition of the MAX-ATSP problem. For this reason, we introduce the
notion of a Hamiltonian tour. Given a directed graph G = (V, A), a Hamiltonian
tour is a cycle in G visiting each vertex of G exactly once.
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Definition 2 (MAX-ATSP). Given a complete directed graph G = (V, A) and a weight
function w assigning each edge of G a nonnegative weight, the MAX-ATSP problem
consists of finding a Hamiltonian tour of maximum weight in G.

Next, we give the definition of the MIN-(1, 2)-ATSP problem, which is closely re-
lated to the MAX-ATSP problem.

Definition 3 (MIN-(1,2)-ATSP). In the MIN-(1,2)-ATSP problem, we are given a
complete directed graph G = (V, A) and a weight function w : A — {1,2}. The task
is to find a Hamiltonian tour of minimum weight in G.

3 Related Work

In the following, we present some results related to the problems studied in this
paper. In particular, we describe briefly some reductions, which we use later on.

The following theorem is due to Vassilevska [VO5] and deals with best known
approximation lower bounds for the Shortest Superstring problem as well as for
the Maximal Compression problem.

Theorem 1 ([VO5]). For any ¢ > 0, it is NP-hard to approximate the Shortest
Superstring problem and the Maximal Compression problem restricted to instances
with equal length strings in polynomial time within a factor of

e 1.00082 — € and
e 1.00093 — ¢, respectively.

In addition, the maximal orbit size of the constructed instances in [VO5] is 20
and all strings have length four. In the same paper, it was proved that the Short-
est Superstring problem is the hardest to approximate on instances over a binary
alphabet.

Theorem 2 ([VO5]). Suppose the Shortest Superstring problem can be approximated
by a factor « on instances over a binary alphabet. Then, the Shortest Superstring
problem can be approximated by a factor « on instances over any alphabet.

Given an instance S of the Shortest Superstring problem, consider the associated
weighted complete graph, in which the vertices are represented by the strings in
S and the weight of an edge is given by the the number of maximum overlapped
letters of the corresponding strings. Then, the optimal compression is equivalent
to the weight of a maximum Hamiltonian path. By introducing a special vertex
representing the start and the end of the Hamiltonian cycle, the Maximal Com-
pression problem is equivalent to the MAX-ATSP problem on this graph. This fact
was used in [KLST05] in order to obtain an improved approximation algorithm for
the Maximal Compression problem.



Fact 1. An a-approximation algorithm for the MAX-ATSP problem implies an -
approximation algorithm for the Maximal Compression problem.

Another interesting relation can be derived by replacing all edges with weight
two of an instance of the MIN-(1,2)-ATSP problem by edges of weight zero and
then, computing a Hamiltonian tour of maximum weight. Vishwanathan[V92]
proved that this transformation relates the MIN-(1, 2)-ATSP problem to the MAX-
ATSP problem in the following sense.

Theorem 3 ([V92]). An (X)- approximation algorithm for the MAX-ATSP problem
implies an (2 — «)- approximation algorithm for the MIN-(1,2)-ATSP problem.

Due to this reduction, every hardness result concerning the MIN-(1, 2)-ATSP prob-
lem can be transformed into a hardness result for the MAX-ATSP problem. The
best known approximation lower bound for the MIN-(1, 2)-ATSP problem is proved
in [EKO6] and it yields the following hardness result .

Theorem 4 ([EKO06]). For any constant ¢ > 0, it is NP-hard to approximate the
MIN-(1,2)-ATSP problem with an approximation ratio 1.0031 — e.

According to Theorem 3, it implies the hardness result for the MAX-ATSP problem
stated below.

Corollary 1. For any constant ¢ > 0, it is NP-hard to approximate the MAX-ATSP
problem within 1.0031 — .

3.1 Hybrid Problem

In their paper on approximation hardness of bounded occurrence instances of sev-
eral combinatorial optimization problems, Berman and Karpinski [BK99] intro-
duced the Hybrid problem and proved that this problem is NP-hard to approxi-
mate with some constant.

Definition 4 (Hybrid problem). Given a system of linear equations mod 2 containing
n variables, my equations with exactly two variables, and mj3 equations with exactly
three variables, find an assignment to the variables that satisfies as many equations
as possible.

In the aforementioned paper, Berman and Karpinski proved the following hardness
result.

Theorem 5 ([BK99]). For any constant ¢ > 0, there exists instances of the Hybrid
problem with 42v variables, 60v equations with exactly two variables, and 2v equa-
tions with exactly three variables such that:

(1) Each variable occurs exactly three times.

(17) Either there is an assignment to the variables that leaves at most ev equations
unsatisfied, or else every assignment to the variables leaves at least (1 — €)v
equations unsatisfied.



(17i) It is NP-hard to decide which of the two cases in item (iz) above holds.

Analyzing the details of their construction, it can be seen that every instance of the
Hybrid problem produced by it has an even more special structure. The equations
containing three variables are of the form z @y @ z = {0, 1}. Those equations arise
from the Theorem of Hastad [HO1] concerning the hardness of approximating
equations with exactly three variables called the MAX-E3-LIN problem, which can
be seen as a special instance of the Hybrid problem.

Figure 1: An example of a Hybrid instance with circles C*, C¥, C%, and hyperedge
e = {27, Y, T14}-

For every variable x of the original instance &£; of the MAX-E3-LIN problem, they
introduced a corresponding set of variables V,. If the variable = occurs ¢, times
in &;, then, V, contains 7t, variables z,...,x7, . Furthermore, the variables in
V, are connected by equations of the form z; ® x;;; = 0 with ¢ € [7t, — 1] and
x1 ® z7, = 0. This construction induces the circle C* on the variables V,. In
addition to it, every circle C* possesses an associated matching M*. The variables
contained in CV, = {z; | i € {7Tv | v € [t,|}} are called contact variables, whereas
the variables in V,\C'V,, are called checker variables.

Let &3 be an instance of the MAX-E3-LIN problem and # be its corresponding
instance of the Hybrid problem. We denote by V(&3) the set of variables which
occur in the instance &£. Then, H can be represented graphically by |V (&3)| circles



C* with = € V(&;) containing the variables V(C?*) = {xy,...,z,=} as vertices. The
edges are identified by the equations included in H. The equations with exactly
three variables are represented by hyperedges e with cardinality |e|] = 3. The
equations x; @ x;.; = 0 induce a circle containing the vertices {xy,...,x,:} and
the matching equations x; & xz; = 0 with {7, j} € M” induce a perfect matching on
the set of checker variables. An example of an instance of the Hybrid problem is
depicted in Figurel.

In summary, we notice that there are four type of equations in the Hybrid
problem (i) the circle equations x; & x;,; = 0 with i € [7¢, — 1], (i7) circle border
equations z; & rr,, (i77) matching equations x; © z; = 0 with {7, j} € M7, and (iv)
equations with three variables of the form z & y & z = {0, 1}.

In the remainder, we assume that equations of the form =z © y @ z = {0, 1} contain
only unnegated variables due to the transformationz ®y®2z=0=zdy d 2z = 1.

4 Our Contribution

We now formulate our main result.

Theorem 6. Given an instance H of the Hybrid problem with n circles, my equations
with two variables and ms equations with exactly three variables with the proper-
ties described in Theorem 5, we construct in polynomial time an instance Sy, of the
Shortest Superstring problem and Maximal Compression problem with the following
properties:

(1) If there exists an assignment ¢ to the variables of H which leaves at most u
equations unsatisfied, then, there exist a superstring s, for Sy with length at
most |sg| = bmgy + 22ms + Tn + w.

(1) From every superstring s for Sy with length |s| = bmg + 22mg + u + Tn, we can
construct in polynomial time an assignment 1, to the variables of H that leaves
at most u equations in ‘H unsatisfied.

(1ii) If there exists an assignment ¢ to the variables of H which leaves at most u
equations unsatisfied, then, there exist a superstring s, for Sy with compression
at least comp(Sy, sp) = 3mg + 14mg —u + 5n .

(1v) From every superstring s for Sy with compression comp(Sy;, s) = 3mq+ 14mg —
u + bn, we can construct in polynomial time an assignment 1), to the variables
of H that leaves at most u equations in H unsatisfied.

(v) The maximal orbit size of the instance Sy is eight and the length of a string in
Sy is bounded by six.

The former theorem can be used to derive an explicit approximation lower bound
for the Shortest Superstring problem by reducing instances of the Hybrid problem
of the form described in Theorem 5 to the Shortest Superstring problem.



Corollary 2. For every ¢ > 0, it is NP-hard to approximate the Shortest Superstring

problem with an approximation factor 3> (1.0029) — e.

. 345-§ 345
Proof. First of all, we choose £ € N and 6 > 0 such that Sitror > oo — €

holds. Given an instance & of the MAX-E3-LIN problem, we generate k copies
of & and produce an instance #H of the Hybrid problem. Then, we construct the
corresponding instance Sy, of the Shortest Superstring problem with the properties
described in Theorem 6. We conclude according to Theorem 5 that there exist a
superstring for Sy, with length at most

™m 7-6

5-601/kr+22-21/k:+51/k:+7n§(344+5+k—)1/k§(344+5+7)1/k
v

or the length of a superstring for S is bounded from below by
5-60vk +22-2vk + (1 = d)vk +Tn > (3444 (1 — 0))vk > (345 — O)vk.

From Theorem 5, we know that the two cases above are NP-hard to distinguish.
Hence, for every ¢ > 0, it is NP-hard to find a solution to the Shortest Superstring
problem with an approximation ratio —342-9 345 O

34410+ 2 2 g €
Analogously, Theorem 6 can be used to derive an approximation lower bound for
the Maximal Compression problem.

Corollary 3. For every € > 0, it is NP-hard to approximate the Maximal Compres-

sion problem with an approximation factor 23¢ (1.0048) — e.

By applying Fact 1, we obtain the following hardness result for the MAX-ATSP
problem.

Corollary 4. For every ¢ > 0, it is NP-hard to approximate the MAX-ATSP problem

with an approximation factor % (1.0048) — .

5 Reduction from the Hybrid Problem

5.1 Main Ideas and Overview

Given an instance of the Hybrid problem #, we want to transform 7 into an
instance of the Shortest Superstring problem. Fortunately, the special structure
of the linear equations in the Hybrid problem is particularly well-suited for our
reduction, since a part of the equations with two variables form a circle and every
variable occurs exactly three times. For every equation ¢;,1 = z; ® x;41 = 0
included in this circle, we introduce a set S(g;, ;) containing two strings, which can
be aligned advantageously in two natural ways. If those fragments corresponding
to two successively following equations z;,_; ®xz; = 0 and x; B x;,; = 0 use the same
natural alignment, we are able to overlap those fragments by one letter. From a
high level view, we can construct an associated superstring for each circle in H,
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which contains the natural aligned strings. In fact, we define for every equation
g € H an associated set of strings S(g) and the corresponding natural alignment.
The instance Sy of the Shortest Superstring problem is given by the union of all
sets S(g). Due to the construction of the sets S(g), there is a particular way to
interpret an alignment of the strings in S(g) included in the resulting superstring
as an assignment to the variables in the Hybrid instance. The major challenge in
the proof of correctness is to prove that every superstring for S;; can be interpreted
as an assignment to the variables in the Hybrid instance H with the property that
the number of satisfied equations is connected to the length of the superstring.

5.2 Constructing Sy from H

Given an instance of the Hybrid problem 7, we are going to construct the
corresponding instance Sy, of the Shortest Superstring problem. Furthermore, we
introduce some notations and conventions.

For every equation g € H, we define a set S(g) of corresponding strings.
The corresponding instance Sy of the Shortest Superstring problem is given by
S» = U S(g). The strings in the set S(g) differ by the type of considered equation

geEH
g € H. Let us start with the description of S3. Therefore, we need to specify the

instance of the Hybrid problem more precisely.

Let & be an instance of the MAX-E3-LIN problem and H its corresponding
instance of the Hybrid problem with n circles. For every variable = € V'(&;), there
is an associated circle C*. Each circle consists of mj — 1 circle equations g7, ,
with i € [m§ — 1], a circle border equation ¢{ = 2 @© 7,,; = 0 and |M”| matching
equations g7 with e € M*. Furthermore, we have m3 equations g7 with exactly
three variables. We are going to specify the sets S(g) differing by the type of
equation g, whereby we distinguish four types of equations contained in .

(1) circle equations
(77) matching equations
(1ii) circle border equations

(17v) equations with exactly three variables
We begin with the description of the strings corresponding to circle border equa-
tions.

Strings Corresponding to Circle Border Equations

Given an instance of the hybrid problem H, a circle C* in H and its circle border
equation ¢gf = z; ® z, = 0, we introduce six associated strings, that are all
included in the set S(gf). Due to the construction of the circle C”, the variable z,,
is a contact variable. This means that z,, appears in an equation g} with exactly
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three variables. The strings in the set S(g{) differ by the type of equation g7. We
begin with the case g; =z, ®y ® z = 0.

The string L,C! is used as the initial part of the superstring corresponding
to this circle, whereas C” R, is used as the end part. Furthermore, we introduce
strings that represent an assignment that sets either the variable z; to 0 or the
variable z,, to 1. The corresponding two strings are

Clamoator and slerclam,
Finally, we define the last two strings of the set S(g7)
Clatamocr and  2™CTCLaTt

having a similar interpretation. Both pairs of strings can be overlapped by two
letters. Those natural alignments have a crucial influence during the process
of constructing a superstring. For this reason, we introduce a notation for this
alignments. By the 0-alignment of the strings in S(g7), we refer to the following
alignment of the four strings. In the following, () will denote the overlapping of
the strings.

1,.m0 l1 r 11 ~r e~ om0 1, rl mO T mO0 ~r ~lrl
Coa"x, Cr and z, C.C,x] Ca] Cr and x,°CICLai.
Cl 0 mlCTCl and lOCrcl 1 lOCT‘

On the other hand, we the define the 1-alignment of the strings in S(¢7) as follows.

lOllr 1 ~r e~ .m0 llmOT m0 ~r ~lrl
CoaPx, Cr and  z, CIC,x] Chx Cr and 2)°CIClai.

1 1
llcrcll_mo llCT‘ and Clxrl mOCTCl

Both ways to join the four strings are called simple alignments.

After having described how the strings corresponding to S(g¢f) in case of
93 = 2, Dy ® 2z = 0 are defined, we are going to deal with the case
G =1, ®ydz=1

As before, we use L,C! as the initial part of the superstring corresponding to
this circle, whereas C R, is used as the end part. Furthermore, we define the

11



remaining four strings contained in S(g7) by the following.

l,.m0 ml r ml ~r~l,_ m0
C,x] Ccr x Cr Oy
and
l 1 lO T 10 ~r e~ rl
Clzrizloor 200 Clyt

Both pairs of strings can be overlapped by two letters. We introduce a notation
for this alignments.

l,.m0 ml r ml ~r~l,_ m0 L, .rl lO r 0~ rl
C Cr and 2" CIC Coxix,Cr and =z, C.C x|
Cl m0 ml Crcl and lOcrcl rl IOCT

The former introduced alignment is called the 0-alignment of the strings in S(g7).
On the other hand, we the define the 1-alignment of the strings in S(g7) as follows.

CLaap'Cy and  2'CLCLY Clat'2))Cp and - 2))CLCLt"

1 1
mlcrcl m0 mlc«r and Cl rl lOCrCl

In the remainder, we refer to both ways to overlap the four strings as simple
alignments. Next, we describe the strings corresponding to matching equations.

Strings Corresponding to Matching Equations

Let C* be a circle in H and M?® its associated perfect matching. Let {7, j} be an
edge in M* and Gy =ri®ar; =0 the associated matching equation. We now
define the corresponding set S(gy; ;,) consisting of two strings, whereby we assume
i < j. Then, we introduce two strings of the form

erxlerlxll and xrlxllerxlO

corresponding to the matching equation. There are two ways to align those two
strings to obtain an overlap of two letters. In the remainder, we refer to those
alignments as simple.
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r0, .00, r1, .11 rl, 11,7010
airye; g and  apag alag
m;oxéolemél mglxilmgoméo
———
r0,.00, 1 11,70, 10 rl, 01,r0, 10, r1_I1
.T}j .T}j X,z .T}j ZL’j X, Z; .T}j .T}j X,z
l 1 ! l
x:lmilmgoxjo m;Oijlemil

The first way to overlap the strings is called the 0-alignment, whereas the second
one is called the 1-alignment. Next, we describe the strings corresponding to circle
equations.

Strings Corresponding to Circle Equations

Let C* be a circle in H and M* its associated matching. Furthermore, let {7, j} and
{i+1, '} be both contained in M*. We assume that i < j. Then, we introduce the
corresponding strings for x; ® x;,1 = 0. If i + 1 < j/, we have

ml, ml r0, .10 r0,.l0 ,.ml_ ml
Ty Ty Ty Tigy and Ty Tiq Ty Tigq-

Otherwise (i +1 > j'), we have

ml 11 r0 .m0 r0. .m0 ml |1
Ty T 1Ty Ty and Ty T 1Ty Tiyq-

Incase of i > jand i+ 1 > j/, we use

1,101 m0 .m0

r m0,.m0 r1 11
Ty Tipr i Tigy and z

§TT T
Finally, if i > j and i + 1 < j’, we introduce

rl_ml .m0 .10 mO0 .10 rl_ml
Ty T Xy Tigy and Ty Ty 1Ty Ty

Let z; be a variable in # contained in an equation g7 with three variables. We now
define the corresponding strings for the equations z;_; ® x; = 0 and z; ® x;,, = 0.
We assume that {: — 1,5} and {i + 1, j'} are both included in M*. Furthermore,
we assume i — 1 < jand i+ 1 < j'. If the equation g? is of the form z; ®y ® 2 = 0,

we introduce

rl, r0

m0
i Li17;

r0 m0,_,ml

ml rl
T and T i e

for x;_y ® x; = 0. Furthermore, for z; ® x;.; = 0, we use the strings

11,.m1 ,.mo0 .10 m0 .10 11,.ml
Ty Ty Ty Ty and Ty Tip1 Ty Ligy-

On the other hand, if the equation g7 is of the form z; ® y ® z = 1, we introduce

ml,_.r0 0

r r0 r0_.ml
i L1

ml ml
T and xi el alt
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corresponding to the equation x;_; ® x; = 0. For x; & x;,; = 0, we use the strings

ml_m1l 10 .10 10 .10 ml _.ml
Ty Ty 1Ty Tigy and Ty Ty Ty Tiygq-

Accordingly, we introduce the notation of simple alignments for the strings in
S(g},,). For the strings

ml _ml r0 .10 r0 .10 ml _.ml
Ty T Ty Ty and Tp T Ty T,

we define the following alignments as simple.

1,.m1 10,10 0,.10 1,.ml
o wln a wy LA it
ml,ml _r0_I0 ml,_ml r0, .10 ml,_ml _r0_I0
T Ty Tipa®i Tigy and Ti Tig1 Ty LTy Tipy

-~

TV
7r0,..10 ml,.ml ml,.ml .r0,1l0
Ty Tip1Ty T Ty Ty Tiga

The the former alignment is called the 1-alignment and the latter one is called the
0-alignment. Next, we describe the strings corresponding to equations with three
variables.

Strings Corresponding to Equations with Three Variables

We now concentrate on equations with exactly three variables. Let g]?-’ be an equa-
tion with three variables in 7. For every equation g?, we define two corresponding
sets 5*(g?) and S”(g?), which both contain exactly three strings. Finally, the
3 . . . A 3 B 3 . . . 3 .
set S(g;) is defined by the union S“(g7) U S (gz-).. We dlst1ngu1sh whether g7 is
of the form x®y®z = 1 or zByP 2z = 0. The description starts with the former case.

An equation of the form = @& y ® z = 0 is represented by SA(g?) containing
the strings

rl A1, 01, 71 42, 11 r1 42, 11,.m0 43 m0 A3~y .l 41,01
T Ayt Ay Yy Ajy 2" ALC " ACir A
and by S”(g?) containing the strings
{Erlle»l‘llzrlB]zle ZrlBJZlech?me CjB?mexrlB]lxll

On the other hand, for equations of the form g; = 2z ® y © z = 1, we introduce
54(g?) containing the following strings.

r0 A1..10, 70 22, 10 r0 2,10 11 23 r1 A3 10 41,10
ATy Ay Yy ATy AL T ALCix" A

Furthermore, we give the definition of S”(¢7), which includes the following
strings.

erB;xIOZTOBJZZlO ZTOB?ZIOCJ‘B?ZEH CjB?l’”I’TOB}I’lO
The strings in the set 5*(¢%) can be aligned in a cyclic fashion in order to obtain
different strings which we will use in our reduction. Every specific alignment pos-
sesses its own abbreviation given below.
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rlAL 01, 7122, 11 vl 42, 11 m0 43 mO A3,y ol A1 11
Aty Ayt YT Ajy " ACy " ACi T A

mrlA}mllyrlA?yll l.mOAC?’?ijrlAjl_xll

2t ALyt ALy ARC e Al = 27 Aja! called o' alignment

~-
yrlA?yll$7n0A]30j

mO A3 Y. .11 A1,.11
T A].ij Aj:r
7\

y“A?y”xmoA?C’jx“A}x”y”A?y” = y"'A;y'" called y'- alignment

J/

TV TV
yrlAiyllmeAé’;cj mrlA}mllyrlA?yll

{

leA}xllyrlA?yll
'\

2™ ARC i ALy Ay ™ ASC = 2™ A;C; called left-2°- alignment

TV
meA?ijrlA}xll yTlA?yllmeA?Cj

Analogously, the strings in S”(g?) can also be aligned in a cyclic fashion. We are
going to define the abbreviations for those alignments.

{ErlB}l‘llzrlB?le ZrlBJZle CjB?l‘mO CjB?l‘mOZErlle»ZEll

1

{L’Tlle-{L'llzrlB?-le
N F

3.m0 1l Il _rlp2 Il p3,m0 0 . 0 1
C;Bijx™ 2" Bija" 2" Biz  C;Bx™ = C;Bjx™ called right-2"- alignment

vV vV
C'].Bl;x$m0x'rlB7lxll ZTIB?-ZMCJ'B?$MO
x7'1BJ1xllzrlBJ2le CjB?{L’mo:ETlB;:E“
' '

o Bl 2 B2 O Ba™ 2 Biatt = 2™ Bya't called o' alignment

N J/

TV
rl1B2,01¢. B3,,mO0
z sz C]Bjm

. B3 0,71 R1..11
CJBjmmJiﬂ Bz
BN OB ™ Bial 2 B2 = 27 B2 called 2'- alignment

TV TV
ZrlB?lech?1.7nO :L'TIB}"L'HZTlB]Q.ZH
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The strings in S”(g?) and 5*(g?%) can be overlapped in a special way that corre-
sponds to assigning the value 0 to z.

rl 41,01, r1 42, 11 rl 42,,01,.,m0 43 m0 43 rl 41,01
Ay Ay YT Ajy " ACy " ACi e A
ZrlBJZlec«jB?me CjB?mexrllexll {ErlB}l‘llzrlszzll

l

xrlA}xllyTlA?yll CjB?memrlB]lmll ZTIB?ZHC]'B?{L'"LO
L - N - v -
r0 43 rl AL, 01, r1 A2, 11, .m0 A3 3, m0, .rl pl 11 _rlp2_I1 3,.m0
" ACr ijﬁ/ Ajy "™ AC By z Bjx~z szjC]Bj:c

J/

TV TV TV
erA?C].;ﬂ'lAJl;,;ll yTlA?yllmmOA]Sij zrl le pllyrl BJZle

In the remainder, we call this alignment the z°-alignment of S(g?) and use the
abbreviation z"C;z™" for this string.

5.3 Constructing the Superstring s, from ¢

Given an assignment ¢ to the variables of H, we are going to construct the
associated superstring s, for the instance Sy.

For every ¢ € H, we formulate rules for aligning the corresponding strings
in S(g) according to the assignment ¢. We start with sets corresponding to
circle border equations and circle equations. Afterwards we show how the actual
fragments can be overlapped with strings from the sets corresponding to matching
equations and equations with three variables. Furthermore, we analyze the
relation between the assignment ¢ and the length of the obtained superstring s,.
We begin with the description of the alignment of strings corresponding to circle
border equations in H.

Aligning Strings Corresponding to Circle Border Equations

Let C* be a circle in H and x; ® x,, = 0 its circle border equation. Furthermore,
we assume that x, is contained in a equation with three variables of the form
T, &y ® 2 = 0. First, we set the string L,C! as the initial part of our superstring
corresponding to the circle C*. Then, we use the ¢(z;)-alignment of the strings

Clamgmter g™ ercly™ Clat2®Cr and  20CTCLat

In this condition, one of the strings s; can be overlapped from the left side with
L,C. by one letter. The other string s, will be joined from the right side with
CTR, by one letter. This construction will help us to check whether the variable
x, is assigned the same value as x; by ¢. The string s, can be interpreted as the
¢(z)-alignment of the strings corresponding to x,, ® z,,,1 = 0, since the first letter
of s, is either 2™ or z!°.
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The parts corresponding to a circle border equation with z, @ y & z = 1
can be constructed analogously. Next, we are going to align strings corresponding
to circle equations.

Aligning Strings Corresponding to Circle Equations

Let x; & x;,1 = 0 be a circle equation contained in H. Furthermore, let the corre-
sponding strings are given by

wfailaitaly  and aflafialall
In dependence of the given assignment ¢, we use simple alignments to overlap
the considered strings. More precisely, we make use of the ¢(z;,)-alignment. For
every pair of associated strings, we derive an overlap of two letters. We are going

to align those fragments with strings corresponding to matching equations and
equations with three variables.

Aligning Strings Corresponding to Matching Equations

Let z; @ x; = 0 be a matching equation in #. Let us assume that i < j. We define
the alignment of the strings in S(gf; ;,) according to the value of ¢(z;41). More
precisely, we use the ¢(z;1)-alignment of the strings

0,.00, .1, 1[1 1,01, 70,10

riwy and ) x; Ty
Due to this alignment, we obtain an overlap of two letters. We are going to
analyze the length of the resulting superstring in dependence of the assignment ¢
to the variables x;, ;.1, x; and ;. We start with the case ¢(z;+1) = ¢(zj11) = 1.

Case ¢(z;41) = P(xj41) = 1

We use the 1-alignment of the strings «'z!'270z!" and 27°z!%27'2!'. The situation
is depicted below. ( The two triangle notation > and <1< will be explained
hereafter.)

b>> xgoxé-oxflxﬁl g m > | Y |2 02 amt  <ge

r1..011,.70,.10
A\

bt | X |l a0 2l | <<om o | Y |2t <<ie
—_———

70,00 .71 .11
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The actual superstring s is denoted by the following sequence.

s = b | X; |22 2l 2l <am o |V a2l a0 2t | << e

The part >p> represents a simple alignment of the strings corresponding to
z;_1 ® z; = 0 ending with the letter X; € {7 2!}, which means

m0 .m0 .11 rl,_ .m0 .m0 _I1 rl, .m0 .m0 _l1 rl
DDG T i rE Y i F Y T A i i P T

11—

The letter in the box emphasizes the letter which can be used to overlap from
the right side with other strings. Furthermore, the string |z!!| <1<t denotes
n

i

atltarl a0 2t . Analogously, >> |Y; | is a simple alignment of the strings

corresponding to x;_; @ z; = 0, whereby Y; € {z}°,27"'}. Furthermore, we use

<< to denote 27 &t 20270 4 7). Finally, b, m and e are sequences of

ml
J

letters, which we do not specify in detail. They define the remaining parts of the
superstring s.
If X; = 2! holds, we align >> with 272l 2702127 2! to achieve an additional

Xz

overlap of one letter. An analogue situation holds for >> |Y;| and |z"' | <<.

All in all, we obtain an overlap of three letters if ¢(z;) = ¢(z;01) = 1 and
¢(zj+1) = ¢(x;) = 1 holds. Otherwise, we lose an overlap of one letter per
unsatisfied equation.

Case ¢(zi11) = ¢(x41) = 0:

-ali ings x x; x.° A e A
We use the O-alignment of the strings «}'z}' /%2 and 27°2/ z]" 2!

10 10
b>> xgoxé»ox;" a2 <9 mose |V el el a0 | 20 < e

70,1071 .11
Gy

b > [ X, |20 <9< m > [V |20 0a a0 20| << e
(S —

r1..01,.70,.10

T

In this case, we use |27"’| << as an abbreviation for #7027 2! 273, 20270 and

)

10 10,.r0 ,.ml,.ml ,.10,.r0 _ .m0 : . :
xy' | << for Pl o ol I Xy = 2 holds, we align > with

2| <1< and gain an additional overlap of one letter. An analogue situation

(2

holds for > |Y;|and |z’ | <<. Hence, we obtain an overlap of three letters if

d(xit1) = ¢(z;) = 0 and ¢(z;41) = ¢(x;) = 0 holds. If the corresponding equation
with two variables is not satisfied, we lose an overlap of one letter.
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Case ¢(zi41) # P(xj41) = 1
In this case, we use the 0-alignment of the strings «}'z}' 2%z and 27%2" 2}  z!!.

b>> -xTOxloxrlx” 2™ g9 m > Y; xrlx”xgoxéo x}”l << e

mr0x§0x7 11.11

—_—
b >r> a0l m > Y |2t <<ge aPallalt el a0
%,_/

xrlmllmTOxZO

J

We attach z/%2" ] z{'272!) at the end of our actual solution s, without having
any overlap W1th the so far obtained superstring. Notice that we obtain in each
case an additional overlap of one letter if the corresponding equation with two
variables is satisfied, i.e. X; = 27" and V; = 27"

Case o(r:11) £ (;11) = 0
According to ¢, we use the 1-alignment of the strings «}'«!'27°2!’ and 272027 2!,

b5 [ X |l el el 2t | 9 m oo [ |l el a0 | 20 << e

21?7 lmllmroxlo

b>r> -:c“x”xrosclo:c“ | aam e |Y; |2 <<e
—_—

x70xl01.rlxll

We join zj'z'27 2P 2! 2" from the right side with | 2" | << and obtain an overlap

of one letter. This reduces the length of the superstring by one letter independent
of the assignment ¢(z;). In case of X; = zI', we achieve another overlap of one

letter, since we are able to align >> - X, |from the right side with «}" «}' 270202} !

It corresponds to the satisfied equation z; ® x;,1 = 0. Hence, we obtain at least
the same number of overlapped letters as satisfied equations.

In summary, we note that we are able to achieve an overlap of at least one
letter in each case if the corresponding equation is satisfied by ¢. Hence, we
obtain an overlap of at most three letters.

The other cases concerning equations z; @ z; = 0 with ¢ > j can be ana-
lyzed analogously. Next, we are going to align strings corresponding to equations
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with three variables.

Aligning Strings Corresponding to Equations with Three Variables

Let g> € H be an equation with three variables z, y and 2. Furthermore, let
i1 @r=0,20241 =0,y 10y =0,yDyj;11 =0,z 102z=0and 2@ 241 =0
be the equations with two variables, in which the variables x, y and = occur.
Given the assignment ¢ to x, y and z, we are going to define the alignment of the
corresponding strings. Let us start with equations of the form g? =rdydz=0.
Then, we define the rule for aligning strings in S*(¢?) and S”(g?) as follows,
whereby we handle the cases ¢(x;11) + ¢(y;+1) + ¢(2k+1) = {3,2, 1,0} separately
starting with ¢(z;11) + ¢(yj+1) + ¢(zk+1) = 3.

Case ¢(i+1) + (Y1) + A2k41) = 3:

In this case, we align the strings in S (gf?) in such a way that we obtain the former
introduced strings y"' A;y"" and 2"' B;2''. The situation, which we want to analyze
is depicted below.

b > < my > Y]y Ayt [y << my > [ Z] 27BN A< e

$
ZTlB]_zll
——N—
b > a<omy B [Y]y Ayt << my > [Z] 2B 2 << e
1A i1
Yy A5y

Similarly to the situations that we discussed concerning the matching equations,
we define the actual superstring s in the way described below.

s=b>> < my > Y]y Aty < my > [ Z] 2B 2 a< e

Here, b, m;, my and e denote parts of s, which we do not specify in detail to
emphasize the parts corresponding to the equation with three variables.

The string |2!! | <<t denotes the ¢(z,,,)-alignment of the corresponding strings
in S(¢7,,). The strings << and |y''| << are defined analogously. In this

situation, we want to analyze the cases X € {z™', 2™}, Y e {y"',y™} and
Z € {2, 2m°}. We infer that we obtain an overlap of four letters if all equations
with two variables are satisfied. Otherwise, we lose an overlap of one letter per
unsatisfied equation with two variables.

Case ¢(zir1) + O(Yj41) + P(2p41) = 22
Let o,y € {%i+1,Yj+1, 2141} be variables such that ¢(y) = ¢(a) = 1 holds. Then, we
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use the o'-alignment and ~'-alignment of the strings in S*(¢?) and 5(g?%) break-
ing ties arbitrary. We display exemplary the situation for ¢(zx1) = ¢(x;41) = 1.

b (X2 A 21 << my se [V ][y <<my oo [Z] B2 2 a< e

1
Z'rlszll
b > x’“lAj Q<] my > Y™ <9< my >1> z’“lBj@ <aQ<e
——

mrlijll

In this case, we achieve an overlap of five letters if all equations with two variables
are satisfied. Otherwise, we lose an overlap of one letter per unsatisfied equation
with two variables.

Case ¢(i+1) + O(yjr1) + A241) = 1t

If ¢(zp41) + ¢(2i1) = 1 holds, we align the strings in S”(¢%) and 54(4?) to
obtain 2" A,z and 2" B;z"'. Otherwise, we make use of the strings z"! B;z'! and
y"'A;y't. We display the situation for ¢(y;.1) = 1.

—

b (X2 Ba 2™ ] << my i [Y]y Ayt | <<ms b a<e
!

yrlAJ_ yll

—N—
b >t a<amy > [YV]y Ayt | <<omg s> << ez Bz

Notice that we obtain an overlap of four letters if the equations with two variables
are satisfied, i.e. X = 2™, Z = 2™ and Y = y"!. Otherwise, we lose an overlap
of one letter per unsatisfied equation with two variables.

Case ¢(zi1) + O(Yj+1) + ¢(2p41) = 0:
In this case, we use the z°-alignment of the strings in S(g7). The situation is
displayed below.
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b | X |20 C; 2™ a<imy > [Y] g™ | << my > a<e

!
b (X200 2] a<my b [V][y™0] << my > aQ<e
—_————

2m0 Cj 2m0

Here, we are able to achieve an overlap of five letters if all equations with two
variables are satisfied, i.e. X = 2™, Z = 2™ and Y = y™".

In summary, we state that we can achieve an overlap of at least one letter
independent of the assignment ¢. Additionally, we gain another overlap of one
letter if the corresponding equation is satisfied by ¢.

The situation for equations of the form =z @ y @ z = 1 can be analyzed
analogously. We are going to define the assignment ,, which is associated to a
given superstring for Sy,.

5.4 Defining the Assignment

Given a superstring s for Sy, we are going to define the associated assignment
1, to the variables of . In order to deduce the values assigned to the variables
in H from s, we have to normalize the given superstring s. For this reason, we
define rules that transform a superstring for Sy into a normed superstring for Sy
without increasing the length.

First, we introduce the definition of a normed superstring for Sy.

Definition 5 (Normed Superstring s for Sy). Let H be an instance of the Hybrid
problem, Sy the corresponding instance of the Shortest Superstring problem and s a
superstring for Sy;. We refer to s as a normed superstring for Sy, if for every g € H,
the superstring s contains s, as a proper substring, whereby s, is resulted due to a
simple alignment of the strings included in S(g).

After having defined a normed superstring, we are going to state rules which trans-
form a superstring for Sy, into a normed superstring for Sy, without increasing the
length of the underlying superstring. All transformation can be performed in poly-
nomial time. Once accomplished to generate a normed superstring, we are able to
define the assignment ¢, and analyze the number of overlapped letters in depen-
dence of the number of satisfied equations in H by ;. Let us start with transfor-
mations of strings corresponding to circle equations and circle border equations.
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Normalizing Strings Corresponding to Circle and Circle Border Equations

Let x; @ z;11 = 0 be a circle equation in H. Furthermore, let 270270 2'z"} and

(A
attamh 20210, be its corresponding strings. We observe that those strings can
have an overlap of at most one letter from the left side as well as from the right
side with other strings in Sy. Given a superstring s for Sy, we obtain at least the
same number of overlapped letters if we use one of the simple alignments in s.
In particular, we have to use the simple alignment that maximizes the number of
overlapped letters.

Given a superstring s for Sy, we separate the strings z/"’z70 zl'z"! and

)
aitamh a0z, from s. Consequently, this results in at most three strings bz,
2 ma!! and 279, e such that

m0 _.r0 11 _ml 11 _ml1 _mO0 _.r0
i Lit1T; T M T Ty Ty €.

s =bx
Then, we define the transformed superstring s’ with at least the same number of
overlapped letters by

m0 _.r0 11 _ml1 .m0 _.r0 ml 11
i Loy T Ty X1 €T Ty .

s' = bx
In order to define the simple alignment, which is used in s by the strings in
S(g?,,), we are going to state a criterion.

Let s be a superstring for S and ¢, a circle equation. Let the corre-
sponding strings are given by 27%z7%, 22 and 2z z70279,. Then, we say
that the strings in S(g¥,,) use a 1l-alignment in s if there are more strings s' in
S»\S(gf.,) such that either s' is overlapped by one letter from the right side
with zi'a?h 2020, or s is overlapped by one letter from the left side with
20270 2z in s than strings s in S\ S(g7, ) such that either s° is overlapped
by one letter from the left side with z!'a7} 270279, or s is overlapped by one

letter from the right side with 2727 z!'2™! in s. Otherwise, the strings in S(g7,,)
use a 0-alignment in s.

Given a superstring s for Sy, we define informally a part of the backbone
of our transformed superstring by the strings s,, whereby s, is resulted due to a
simple alignment used in s of the strings S(g) for every circle equation g € H.
Afterwards, we use this construction to align them with strings corresponding to
matching equations, equations with three variables and circle border equations.
Moreover, it will help us to define the assignment 1), and relate the number of
satisfied equations to the number of overlapped letters. But first, we concentrate
on circle border equations.

Let 1 @ x,, = 0 be a circle border equation. Furthermore, let the corresponding
strings are given by
L.C,, Cla(x,Cy,  a/CiCLa”,  Clai'ay®Cy, ap°CiCiai', and  ChR,.

n n
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Since the simple alignments of the strings in S(g¢7) achieve an overlap of two
letters for each pair {Cla"021C", 21CTCLy 0} and {Clala™0Cr, 2™ CTCLatty,
we argue as before that those strings can be rearranged in a given superstring for
Sy such that the pairs use a simple alignment without increasing the length of
the underlying superstring for Sy,. In this situation, we are able to overlap one of
the pairs using a simple alignment with L,C! from the left side and the other one
with CI R, from the right side without increasing the length. This construction
checks whether the variables x; and x,, have the same assigned value, which is
rewarded by another overlap of one letter of the corresponding strings using a
simple alignment.

For any fixed order of the circles C* in H, we build the backbone of our su-
perstring consisting of the concatenation of the strings s*s¥ - - - s*, whereby a string
s” is associated to its circle C*. Furthermore, s consists of the corresponding
simple alignments of the strings in S(¢7) used in s, whereby the order of the
strings is given by the order of the variables in C*. The string s” starts with the
letter L, and ends with R,.

Notice that similar transformations can be applied to strings corresponding
to matching equations and to equations with three variables, but we are going
to define the transformation for those strings in detail while analyzing the upper
bound of overlapped letters for simple aligned strings corresponding to circle
equations, which are contained in a given superstring s for Sy.

Before we start our analysis, we define the assignment ¢, based on the ac-
tual superstring s for Sy, which is not necessarily a normed superstring for Sy, .
By applying the transformations, which we are going to define, the assignment ),
will change in dependence to the actual considered superstring.

s(x;) = 1if the strings in S(g]') use a 1-alignment in s
= 0 otherwise

Due to the transformations for the strings corresponding to circle and circle border
equations, the assignment ), is well-defined.

Defining the Assignment for Checker Variables

Let x € V(&3), C* be the corresponding circle in H and M?* its associated perfect
matching. Furthermore, let z; ®z;11 =0, 2,1 ®2; =0, 2,1 Px; =0, 2; B4 =0
and z; @ z; = 0 be equations in #, whereby {i, j} € M* and i < j holds. Let s be
a superstring for Sy, such that the strings corresponding to circle and circle border
equations are using a simple alignment in s. Based on the the simple alignments of
the strings corresponding to g7, g7\, g; and g, ,, which are used in the superstring
s, we are going to define the assignment to the variables z; and ;. Furthermore,
we analyze the number of overlapped letters that can be achieved given the sim-
ple aligned strings and relate them to the number of satisfied equations in H by ;.
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In the remainder, we will assume that the underlying superstring for Sy
contains simple aligned strings corresponding to circle and circle border equa-
tions. Before we start our analysis, we introduce the notation of a constellation
that denotes which of the simple alignments are used by the strings corresponding
to the equations g7, g7, ;, g7 and g7, , in s.

Given a superstring s for Sy and {i,j} € M?*, a constellation c is defined by
(XiXi—l—lan—lXj—f—l)?i?j} with XZ',XZ‘+1,X]',XJ‘+1 S {0, 1}, Whe].’Eby Xk = 1 if and
only if the strings in S(g{) use the 1l-alignment in s for k¥ € {i,i + 1,j,7 + 1}.
We call a constellation ¢ inconsistent if there is an entry A;A; with A; # A,.
Otherwise, c is called consistent.

Based on the given constellations, we are going to define ;.

Definition 6 (Assignment 1), to Checker Variables). Let H be an instance of the
Hybrid problem, Sy its corresponding instance of the superstring problem and s a
superstring for Sy,. Given the constellation (X;X; 1, X ijH)“{*Z.’ i) we define 1), in the
following way.

(1) Ys(x;) = X, and ¢s(x;) = X; if X; @ X; = 1 and c is consistent
(1) ¥s(zi) = Xi and ¢(z;) = X; if X; ® X; =0
(i17) Ys(z;) =1 —X;and Ys(x;) = X; if X; @ X; =1land X; # X
(i) Ys(a;) = X;and ¢s(x;) =1 - X; if X, @ X; =1, X; # X and X} = X4

We are going to analyze the the different constellations and discuss the cases
(7)-(1v) of the definition of 1);. We start with case (7).

CASE (i) X; ® X; = 1 and c is consistent:

There are two constellatlons which we have to analyze, namely (11,00)% i}
and (00, 11)y, ;,. Starting with the former constellation, we obtain the scenario
depicted below. The string >> with X; € {270 27!} represents a simple
alignment of the strings in S(¢7). Analogously, the string

< with X4, € {270, 21!

represents a simple alignment of the strings in S(g},,). Since we know that using
the most profitable simple alignment of the strings in S(gy; ;) does not increase
the length of the superstring, we make use of the 1- ahgnment and transform the
superstring s in the superstring s’, which are both depicted below.
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s =br> |2 2 el 202 2l a<om > | 270 (202 | 20 | <<e

rl,.01,.70,.10
T; Ty Z‘j $]

—
s =b > | o 220202 2 aam B |2 |20 <<

70,0071 .11

Let us analyze the upper bound on the overlap of letters, whereby we are
interested in the overlap of letters, which are additional to the overlap of two
letters due to the simple alignment. In both cases, either by using the 1-alignment
or the 0-alignment of the strings in S(gfm}), we cannot obtain more than an
overlap of two letters. It corresponds to the number of satisfied equations, which
are x; ®x,41 =0and x; ® xj, = 0.

: : 101,70 .10
In case of the constellation (00,11)f,.,, we separate the strings 7 z; 2}°x;

and 2702027211 from the superstring s. Then, we attach the aligned string

apt et 2l at the end of the actual solution. The considered situation is

depicted below.

bt |2 (o a0 2| a<om > |2t 202l 2 << e

—_

(2 (2 J J
>0 x’mo > Zle
17 Wi {L’;‘ll'él:l?;o %iO
/_/% /_/A A
b |2 <9 m B> |2 <a<e 2]l P aPal 2l

70,00 .71 .11

In this scenario, the best that we are able to obtain is an overlap of two letters.
This corresponds to the number of satisfied equations, namely z; ® x;,; = 0 and
ZC]' EB .TjJrl = O

Let us start with the constellation (0.X;1,0X;.1), ;,- In this case, we set ¢(z;) = 0

and ¢(x;) = 0. Given the strings > |20 | , | Xip1| <<, > |27 |and | X1, | <<

with Xy € {27, 2'} and X, € {«]", 2"}, we obtain the following scenario:
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70,.00 .71 .11
i ayal

—
b>> |20 a:;l:cél:c;%é-o a<am > 270 Pl X | <<e

VI ol B
i

70,00 ,.7r1,.11

—
b |2 X | <9< m > :L’;(] xé—oxflxﬁlxgoxéo X |<<e
%’

7r1,.01,.70 .10
Z, x; {L’] ZEj

The most advantageous simple alignment in this case is the 0-alignment of the
strings in S(gy; ;). If ¥(z;) = ¥(zi41) = 0 holds, which means X, = Mo,

7

we obtain another overlap of one letter by aligning >> |27 | with |27 | <<.

K3 3

A similar argument holds for ¢(z;) = v¢(z;4+1) = 0. Notice that the equation
x;®x; = 01is satisfied by 1/,. In summary, we state that we obtain an overlap of one
additional letter per satisfied equation. Hence, we obtain an overlap of three let-
ters according to the satisfied equations z; ®x; 1 = 0, z;Gz; = 0and z; Pz = 0.

Consider the constellation (1.X;.1,1X;.1)}, ;. Hence, we are given the strings

> |2 |, | X | <<, B> |2 and | XG4 | <9< with Xy € {27, 2f'} and

Xj1 € {af", 2}, We obtain the scenario displayed below.

—

10 10
b>> | ot 2]t x;oxgo a<am > |2 2Pl X | <<e

r1,.01,.70,.10
T

——

b | ot a2 ! X [ <<am > (20 || X | << e
—_—

7

70,010,701 .11
i a el

In this case, we use the 1-alignment of the strings in S(g?{”i’j}). If

Y(x;) = ¥(ziy1) = 1 holds, which means X,;,; = =z!!, we obtain another
overlap of one letter by aligning

r1,.01,.70,.10

PR
1,r0,_100, r1,_I1

rl :
>0 |2 oy eyl vy with |2y | <99

70,00 .71 .01

T Ty

In case of ¢(x;) = ¢(x;41) = 1, we may apply a similar argument. Notice that
the equation z; @ x; = 0 is satisfied by ;. In summary, we state that we obtain
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an overlap of one additional letter per satisfied equation. Hence, we obtain
an overlap of three letters according to the satisfied equations z; ® x;,,, = 0,
SCZ'@.TJ‘ :OandijijH = 0.

CASE (iii) X;® X; =1and X; # X;,1:
Let us begin with the constellation (10,0X}.1)},;,. We consider the scenario

depicted below, in which we are given the strings > | 27! |, |27 | @<, > |2f

3 > 3

and Xj+1 <1< with Xj+1 € {[Eé»o,l’;nl}.

1 10
bt | ot o el a2 a0 g m > |20 |22 el X | e

m0
> L 70,00 71,11

K] :Ej {L'j ‘Ti :Ei
—_— —_—

b |2 a<am > |20 ka2 X | <ge
— —

¢ J

r1..01,.7r0

10
J

Instead of using the 1-alignment of the strings in S(g7), we rather switch to
the 0-alignment, i.e. we obtain the string > |27 | and define ¢ (z;) = 0. It

7
results directly in gaining two additional satisfied equations and an overlap of
one additional letter. As a matter of fact, we might lose an overlap of one letter,
because the string > might have been aligned from the right side with
another string. Furthermore, the equation z;_; @& z; = 0 might be unsatisfied.
But all in all, we obtain at least 2 — 1 additional satisfied equations by switching
the value without increasing the superstring. Notice that we may achieve an
additional overlap of one letter if X; ; = z” holds, which means that v, satisfies
the equation z; ® x4, = 0.

The next constellation we are going to analyze is (01,1X;.1)},;,. Hence, we

are given the strings >> |20 | , |zi'| <<, >> |27 and | X;;1| <<, with

Xj41 € {«?, 27"}, The situation is displayed below.

28



mO |,.r1,.011, 70,10 .1 ml|,.r0,.00_r1_lI1 ]
b | o™ o) oy al ey o | <A< m B> (2l 2wy ay | X | <9< e

xz'1$él$§0x§0
——
rl|,.01,.70,.00, 71 .1 ml
bbb | |z ol x| oy | <] m > x| X | << e

70,00 .71 .11

We obtain a similar situation, in which we switch > |27 | to >> |27 |. Accord-

ingly, we define ¢,(z;) = 1.. We obtain at least one additional satisfied equation
by switching the value without increasing the length of the superstring. Notice
that we may achieve an additional overlap of one letter if X, ; = ;711 holds. It
corresponds to the satisfied equation z; & z;; = 0.

CASE (ZU) Xi D Xj = 1, Xj 7& Xj+1 and Xi = Xi—i—l:
Starting our analysis with the constellation (00,10)y, ;,, we obtain the following
scenario.

mO0 |,.rl .11, r0 10| .m0 ml|,.7r0,..00 71 _11] .0
b>p> | o™ o wy alay |\ o™ | A< m > |2 ) ey x|y | << e

i i j
m0
> Ty x;oméomzrlxél
—— —
b |20 <<am > |20 el a2 20 e
—_—————

r1,.01,.70,.10
Z, x; {L’] ZEj

In this case, we argue that we switch the string >r> (2" | to 1> | 27 | This means

that we set ¢;(z;) = 0. This transformation yields an overlap of at least the same
number of letters, since we might lose an overlap of one letter from the left side.
On the other hand, we align the string

70,.00,.71 .11
A\

> (20| with 2702 2 2?0 2| <<

—_———

r1,.01,.70,.10
x; T; ZEj ZEj

from the right side by one letter. Notice that we gain at least one additional
satisfied equation.

The last constellation we are going to analyze is (11,01);,,,. The corre-
sponding situation is depicted below.
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b |2t 22t a0 o a<om > |20 |20 Pat a2 | << e

? J I ? J J 7 J
ml
"1,.01,,70,..10 > T
xlmlm]r:cj J
— ——

alt a2 2 aam s> (2 | <9<

b>>|x

70 .00 .71 .11

In this case, we switch the string > |2%| to >r> |27*! | Similarly to the former

case, this transformation does not increase the length of the superstring. By
defining 1;(x;) = 1, we achieve at least one more satisfied equation.

In summary, we note that we achieve at least the same number of satisfied
equations as the number of overlapped letters. By applying the defined trans-
formation, the superstring contains only strings corresponding to matching
equations, which use a simple alignment.

In case of matching equations z; & x; = 0 with ¢ > j can be analyzed anal-
ogously. We are going to define the assignment for contact variables.

Defining the Assignment for Contact Variables

Let g? =x®y Pz = 0 be an equation with exactly three variables in . Given
a simple alignment of the strings corresponding to the equations z;,_1 © =z = 0,
r®Tj41 =0,9, 10y =0,yBYjs1 =0, 2,1 &2z =0,and 2@ zj,4; = 0,
we are going to define an assignment based on the underlying simple alignments
and analyze the number of satisfied equations in dependence of the number of
overlapped letters in the superstring.

For a given superstring s for Sy and equation ¢} = = @ y ® z = 0, we define a
constellation ¢ given by (X)X, Y1Y5, Z17,)5 with Xy, X5, 1,2, 71, Z5 € {0,1},
whereby C' = 1 if and only if the strings in the corresponding set are using a
1-alignment in s. A constellation denotes which of the simple alignments is used
by the strings in s. We call a constellation inconsistent if there is an entry A; A,
such that A; # A,. Otherwise, c is called consistent.

Based on a constellation for a given superstring and an equation g} with
three variables, we are going to define the assignment ¢, for the variables in g.

Definition 7 (Assignment v); to Contact Variables). Let H be an instance of the
Hybrid problem, Sy, its corresponding instance of the superstring problem, s a super-
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string for Sy and g]?-’ =1 @y ® z = 0 an equation with three variables in H. For the
associated constellation ¢ = (X; X,, Y15, ZlZg)j, we define 1), in the following way.

(1) If c is consistent, then, we define vs(x) = X1, ¥s(y) = Y1 and ¢s(z) = 73

(17) Otherwise, let A1 A, be an entry in ¢ with A; # A, and « its corresponding
variable. Furthermore, let 5 and ~ be variables associated with the entry B, Bs
and C,Csy, respectively. If Ay @ By @ C; = 0 holds, we define s(a) = Ay,
Vs(8) = By and () = C1.

(7ii) Otherwise, we have Ay & By & C, = 1. Then, we define ¢s(ar) = 1 — A,
¥s(8) = By and (y) = Ch.

We are going to analyze the following three cases and define the transforma-
tions for the actual superstring for Sy.

(1) X1 @Y1 ® Z; =1 and cis consistent

(11) X7 @Y, ® Z; =0 and c is inconsistent
(17i) X1 @Y, @ Z; = 1 and c¢ is inconsistent
Let us begin with case (7).
CASE (i) X; @Y, @ Z; =1 and c is consistent:

In this case, we start with the constellation (11,11, 11);. We depict the considered
situation below.

b >> a<imy 55 [yt g Ayt | << my o (2120 B M M < e

1
b > Q< my > |y A Y | <9< mg > | 27 Bj <a<e
R ; —_————
Yl Ayl z"1 Bzl

According to the definition of v;, we have ¢(z) = ¥ (y) = ¥(z) = 1. Notice that
the equation z @ y @ 2z = 0 is unsatisfied. On the other hand, the assignment v,
satisfies the equations z @ zj, 11 =0, y ® y;,41 = 0and z @ z;, 41 = 0.

We note that a string corresponding to S*(g?) or S”(g?) using a simple alignment
can have an overlap of at most one letter from the right side as well as from the

left side. Therefore, the best we can hope for is to overlap the string y"* Ay'! with

>> |y | and |y'!| <<t by one letter in each case. The same holds for the string

2" B;z!".  Consequently, we conclude that the number of overlapped letters is
bounded from above by four.
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In case of X; + Y] + Z; = 1, we analyze exemplary the constellation (00, 00, 11);.
We set ¢/(z) = 1, ¢»(z) = 0 and ¢(y) = 0. This situation is displayed below.

b >0 a<imy 5 [y [y Ay ly 0] g my i (212 B2 21 g

1
b >> <I<Amy > |y | <9< my > | 27! Bj eyt Ayt
— R ; —_——
mo 0 Z7'1B].Zl1
>>| T oY

Due to the z'-alignment of the strings in S”(g4?), we obtain an overlap of two

letters. Additionally, we align the string >r> from the left with <<. The
same holds for >> |y | and |y™°| <t<1. Notice that it is not more advantageous

to align the string ™" B;C; with > , since we lose the overlap of one letter

with <. Hence, we are able to get an overlap of at most four letters, which
corresponds to the satisfied equations t®z;, 41 =0, yPy;,+1 = 0and 2B 2,11 = 0.

CASE X, @Y, ® Z; = 0 and c is inconsistent:
First, we concentrate on the constellations with the property X; + Y7 + Z; = 2.
Exemplary, we analyze the constellation (0.X,, 1Y5, 175); depicted below.

—_

b [2m0 [ X5 | a<my i [y

Y A Vs | a<my o (2B 2, g e

1
b >0 A<y BB |y AY Ya | << my i 2B 2 2y | <<e
1 11
YL Ayl 2" Bjz

The strings >> |y | and >> can be used to align from the right side
with 2" B2!! and y"' Ay", respectively. It yields an overlap of two letters. If the
corresponding equations with two variables are satisfied, which means X, = 2™°,
Y, = y'' and Z, = Z!', we gain an overlap of one letter per satisfied equation.
Notice that using the z°-alignment of S(g?) does not yield more overlapped
letters. In summary, it is possible to attain an overlap of at most five letters, which
corresponds to the constellation (00,11,11)%. An analogue argumentation holds
for the constellations (1Xy,1Y3,025)$ and (1Xy, 0Ys, 125)5.

Next, we discuss constellations with the property X; + Y; + Z; = 0. For
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this reason, we consider the constellation (0.X3,0Y3,025)s.

b >0 a<my B |y |y By [ Ye| << my B> y“Bjy” a<e

!
C, Ba™0
——
b > |2 AC; Ba™ [ X, | << my o> [y [Ya ] << my B> a<ie
xmOAC
J

Recall that z™°C;2™ denotes the z°-alignment of S(g?). This string can be aligned
from the left with >> 2™°. If X, = 2™ holds, we achieve another overlap of

one letter. Furthermore, the string >> |3™| can be aligned from the right with
<< if and only if Y; = 3™ holds. A similar argumentation can be applied
to the strings > and <<. Finally, we note that we cannot benefit by

aligning the string |4'' | << with y"'Ay''. Consequently, we see that using the

string 2™°C;2™ is generally more profitable. All in all, we gain an additional
overlap of one letter for satisfying = ® y @ z = 0 and another overlap of one letter
if the equation with two variables corresponding to the considered variable is
satisfied.

CASE X, Y, @ Z; = 1 and c is inconsistent:

Let us start with constellations satisfying X; + Y] + Z; = 3. Exemplary, we analyze
the constellation (10, 1Y3, 1Z5);. Due to the definition of v, we set ¢(r) =1 — Xj,
Y(y) = 1 and ¢(z) = 1. Notice that v, satisfies the equation = ® y ® z = 0.
By switching the value ¢,(x) from X; to 1 — X;, the equation z;,_; @z = 0
might become unsatisfied. Furthermore, we might lose an overlap of one letter
by flipping the 1-alignment of the strings corresponding to z;_; & = = 0 to the
0-alignment. On the other hand, we gain an overlap of one letter by aligning the

string > from the right side with <<. This transformation yields at
least one more satisfied equation. In addition, the strings y"'A;4'! and 2" B2"!

can be aligned by one letter with >> |y | and >> , respectively. If Z, = 2!

and Y, = 7' holds, we achieve another overlap of one letter in each case. The
situation is depicted below.
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[y

b > a<m; o> [y Ay Y, <9< me o 2 B Z, < e

!
b > 9 [y A1 [Ye] <ass (271 B21 [ 2, <<
—_——— , S

o] gm0 Y Ayl z"1Bjz1

The other constellations satisfying X; + Y; + Z; = 3 can be analyzed analogously.

The remaining constellations (XlXQ,Yle,ZlZz)j to be discussed satisfy
X1+ Y.+ 7Z; = 1 and are inconsistent. Exemplary, we analyze the constel-
lation (01,0Y3,175)3. For (01,0Y3,175)5, we set i(x) = 1 — X3, ¢(y) = V) and
1 (z) = Z;. The scenario is depicted below.

b |20 Aat 2 <<my i [y [Ya] << mg i [ 21B 2 [ 2| << e
—

2r1B; 21
!
b [ A | 9gmy s | y0|[Ye] <<mg b (2B 2] << e
—— ——
2l Azl Sr1B,ll

By flipping the 0-alignment of the strings corresponding to z;, 1 @ = = 0 to the
l-alignment, we can overlap 2" A;2!! from the left side with > and with

<< from the right side. This transformation achieves an overlap of at most
one more letter. Moreover, we obtain at least one more satisfied equation by using
this definition of 1,. If Z, = 2! and Y, = ™" holds, it yields an overlap of three
additional letters, which corresponds to the constellation (11,00, 11)3.

In summary, we note that it is possible to achieve an overlap of at least one
letter in each case. In addition to it, the assignment ), yields at least the same
number of satisfied equations as the number of overlapped letters, which can be
achieved due to the transformations. This means that if v, satisfies the equations
9t Dxj4 =0,y Dyj = 0and z P zj,41 = 0, the corresponding strings in s
can have an overlap of at most five letters.
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5.5 Proof of Theorem 6

Given an instance H of the Hybrid problem with n circles, m, equations with
two variables and ms equations with exactly three variables with the properties
described in Theorem 5, we construct in polynomial time an instance Sy of the
Shortest Superstring problem with the properties described in section 5.2. Let ¢ be
an assignment to the variables of H which leaves at most « equations unsatisfied.
According to section 5.3, the length of the superstring s, is at most

|sg| <T7T-n+5-mg+22-m3+u,

since the length of the superstring increases by at most one letter for every unsat-
isfied equation of the assignment. Regarding the compression measure, we obtain
the following.

comp(Sy, sp) > Z|s|—(7-n+5-m2+22-m3+u)
seESy
= 44+8n+8-my+36-m3— (7-n+5-mg+22-m3+u)
= 5+ 3mg+ 1dms —u

On the other hand, given an superstring s for Sy, with length
|s| = Bma + 22m3 + u + Tn,

we can construct in polynomial time an normed superstring s’ without increasing
the length of it by applying the transformations defined in section 5.4. This enables
us to define an assignment ¢, to the variables of H according section 5.4 that
leaves at most u equations in H unsatisfied. A similar argumentation leads to the
conclusion that given a superstring s for Sy, with compression

comp(Sy, s4) = dn + 3my + 14msz — u,
we construct in polynomial time an assignment to the variables in H such that at
most u equations are unsatisfied. O
6 Concluding Remarks
It seems that a new method is needed now in order to obtain better approxima-
tion lower bounds. Perhaps direct PCP constructions are the natural next step for
proving stronger approximation hardness results for the problems considered in
this paper.
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