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1 IntroductionThere are at least three mathematical environments carring in a natural way into cellular(coherent) algebras introduced by Weisfeiler and Lehman and independently by Higman(see [11], [8]). These are by de�nition matrix algebras overC closed under the Hadamardmultiplication and the Hermitian conjugation and containing the identity matrix andthe all one matrix. The �rst environment is permutation group theory where a cellularalgebra arises as the centralizer algebra Z(G) of a permutation group G (see chapter 5of [13]). Another �eld is algebraic combinatorics, especially the association scheme anddesign theories. All objects in this context can be considered as special cases of coherentcon�gurations and cellular algebras arise as the adjacency algebras of them (see [8]).Finally, there is a cellular algebra approach to the Graph Isomorphism Problem whichis one of the most well-known unsolved problems in computational complexity theory.The cornerstone of this approach consists in associating to a graph the smallest cellularalgebra containing its adjacency matrix. There is a canonical polynomial-time procedurefor this which reduces the Graph Isomorphism Problem to the corresponding problemfor cellular algebras (see [11]).One of the advantages in studying cellular algebras consists in the following observa-tion: on one hand the axioms de�ning them are less restrictive than those of groups andon the other hand they are not so amorphic objects as graphs. In other words, cellularalgebras accumulate algebraic features of groups and combinatorial features of graphs.To demonstrate this we briey discuss below three topics concerning them and playingthe central role in this paper: representations, Schurity and primitivity.Let W be a cellular algebra on a �nite set V , i.e. a cellular subalgebra of the fullmatrix algebra MatV (the set of all complex matrices whose rows and columns areindexed by the elements of V ). Then from the representation theory point of view Wcan be viewed as an algebra equipped with a faithful linear representation� :W !MatV :Since W is a semisimple algebra over C, the representation � is completely reducible.One of our goals here is to present a connection between the structure properties of Wand the representation parameters of � such as its irreducible representation multiplici-ties and degrees. It should be mentioned that our approach is di�erent from that of [2]where commutative cellular algebras arising from distance regular graphs have beenstudied.Going over to the following topic let us de�ne the automorphism group Aut(W ) of acellular algebra W to be the subgroup of the symmetric group Sym(V ) consisting of allpermutations the permutation matrices of which commute with all matrices of W . Atthe beginning of the development of cellular algebra theory there was a conjecture thateach cellular algebra W is Schurian (see [7] for the explanation of the term), i.e. thatthe following equality holds: W = Z(Aut(W )): (1)If it was so, then we would have a complete characterization of distance regular graphs(see [2]) and a polynomial-time algorithm for the Graph Isomorphism Problem (see [11]).However this is not the case and some examples of non-Schurian cellular algebras can be2



found in [13] and [7]. This leads to the following problem (Schurity problem): determinewhether a given cellular algebra is Schurian. The Schurity problem is the second topicof our paper.The combinatorial features of cellular algebras are based on the fact that the lastare closed with respect to the Hadamard multiplication. This implies that each cellularalgebra W contains a uniquely determined linear base consisting of f0,1g-matrices sum-ming up to JV (the all one matrix of MatV ), which enables us to view it as the adjacencyalgebra of a coherent con�guration. Using this base we can de�ne homogeneous andprimitive cellular algebras corresponding in the sense explained below to transitive andprimitive permutation groups. Namely, we call W homogeneous if it contains exactlyone diagonal f0,1g-matrix (the identity matrix IV ), and primitive if it contains exactlytwo f0,1g-matrices (IV and JV ) coinciding with the adjacency matrix of an equivalencerelation on V . These de�nitions imply that a permutation group G is transitive (resp.primitive) if and only if its centralizer algebra Z(G) is homogeneous (resp. primitive) asa cellular algebra. Like primitive groups in permutation group theory primitive cellularalgebras are \building blocks" for arbitrary cellular algebras. The study of them is thethird topic of the paper.The main results of the paper are contained in sections 3, 4 and 5 (section 2 presentsexact de�nitions and notation concerning cellular algebras).In section 3 we de�ne a new operation, the exponentiation of a cellular algebra Wby a permutation group K, the result of which is a cellular algebra W " K. It is similarto the corresponding operation for permutation groups (see [7]). It is known that theexponentiation G " K of permutation groups G and K is primitive i� G is primitive andnonregular and K is transitive. We generalize this result by showing (theorem 3.4) thatthe algebra W " K is primitive i� W is primitive and nonregular and K is transitive.We also show that given an arbitrary permutation group K, the cellular algebra W " Kis Schurian i� so is W (theorem 3.3). These theorems enable us to construct in�niteseries of non-Schurian primitive algebras (see the end of subsection 3.3).In section 4 we de�ne for cellular algebras the notion of a base which is similar to thatfor permutation groups. It is closely related to the Schurity problem: according to [4]an m-closed cellular algebra having a base of size m�1 is Schurian (as to the discussionof higher closed algebras see below). The main result of this section (theorem 4.3)shows that the size of each irredundant base of a primitive cellular algebra W does notexceed any ratio mP=nP where mP (resp. nP ) is the multiplicity (resp. degree) of anonprincipal primitive central idempotent P of W . Using this upper bound (see alsotheorem 4.10) we present two upper bounds for the order of Aut(W ) in terms of therelation degrees of W and the above ratios (corollary 4.12). Note that each of theseresults gives rise to the corresponding result for primitive permutation groups.In section 5 we continue the investigation of the m-closure of a cellular algebraintroduced in [4] (the exact de�nition of m-closure can also be found in this section).It can be considered as an approximation of a cellular algebra W on V to the Schurianclosure Sch(W ) = Z(Aut(W )) of it (see [4]):W = W (1) � : : : � W (n) = Sch(W )where W (m) is the m-closure of W and n is the cardinality of V . Assuming a primitivecellular algebra to be 2-closed (i.e. coinciding with its 2-closure) we generalize to it3



some classical theorems holding for a primitive permutation group. For example, wecharacterize 2-closed primitive algebras W as homogeneous ones for which any algebraWv, v 2 V (the analog of a one-point stabilizer in permutation group case) is a mini-mal overalgebra of W (theorem 5.5). In particular, this implies that such a W equalsWu \Wv for any two di�erent points u and v of V unless it is regular of prime degree(theorem 5.6). We also generalize to these algebras a well-known theorem saying thateach 3/2-transitive group is either primitive or a Frobenius group (theorem 5.9). Finally,we give an example showing that all the theorems are not true if the hypothesis for aprimitive algebra to be 2-closed is omitted (see the end of subsection 5.3).Notation. As usual by C we denote the complex �eld.Throughout the paper V denotes a �nite set with n = jV j elements. By relationson V memean subsets of V �V . For a relation R on V we set RT = f(u; v) : (v; u) 2 Rgand R(v) = fu : (v; u) 2 Rg where v 2 V . If E is an equivalence (i.e. reexive, sym-metric and transitive relation) on V , then V=E denotes the set of all classes modulo E.The algebra of all complex matrices whose rows and columns are indexed by theelements of V is denoted by MatV , its unity element (the identity matrix) by IV andthe all one matrix by JV . For U � V the algebra MatU is in a natural way identi�edwith a subalgebra of MatV .For U;U 0 � V we denote by JU;U 0 the f0,1g-matrix with 1's exactly at the placesbelonging to U�U 0. If A 2 MatV , then AT denotes the transpose and A� the Hermitianconjugate matrix.If ' : V ! V 0 is a bijection, then A' denotes the image of a matrix A with respectto the natural algebra isomorphism from MatV to MatV 0 induced by '.The group of all permutations of V is denoted by Sym(V ).For integers l;m with l � m by [l;m] we denote the set fl; l+ 1; : : : ;mg.2 Cellular algebrasAll unde�ned below terms concerning cellular algebras and permutation groups can befound in [11] and [13] respectively.2.1 By a cellular algebra on V we mean a subalgebra W of MatV for which thefollowing conditions are satis�ed:(C1) IV ; JV 2 W ;(C2) 8A 2 W : A� 2 W ;(C3) 8A;B 2 W : A �B 2 W ,where A � B is the Hadamard (componentwise) product of the matrices A and B. Itfollows from (C2) that W is a semisimple algebra over C.Each cellular algebra W has a uniquely determined linear basis R = R(W ) (thestandard basis of W ) consisting of f0,1g-matrices such thatXR2RR = JV and R 2 R , R� 2 R: (2)4



Set Cel(W ) = fU � V : IU 2 Rg and Cel�(W ) = fU � V : IU 2 Wg. Each elementof Cel(W ) is called a cell of W . It is easy to see thatV = [U2Cel(W )U (disjoint union).The algebra W is called homogeneous if jCel(W )j = 1.For U;U 0 2 Cel�(W ) set RU;U 0 = fR 2 R : R � JU;U 0 = Rg. ThenR = [U;U 02Cel(W )RU;U 0 (disjoint union).Moreover, for two cells U;U 0 the number of 1's in the uth row (resp. vth column) of thematrix R 2 RU;U 0 does not depend on the choice of u 2 U (resp. v 2 U 0). This numberis denoted by dout(R) (resp. din(R)). If W is homogeneous, then dout(R) = din(R) forall R 2 R and we use the notation d(R) for this number and call it the degree of R. Inthis case we have XR2R d(R) = jV j: (3)For each cell U 2 Cel(W ) we view the subalgebra IUWIU of W as a cellular algebraon U . It is denoted by WU and called the homogeneous component of W correspondingto U . The basis matrices of WU are in 1-1 correspondence to the matrices of RU;U .Each matrix R 2 R being a f0,1g-matrix is the adjacency matrix of some relationon V called a basis relation of W . By (2) the set of all of them form a partition of V �Vwhich can be interpreted as a coherent con�guration on V (see [8]). We often use forthis set the same notation R and save for basis relations all the notations introducedfor basis matrices.2.2 A large class of cellular algebras comes from permutation groups as follows(see [11]). Let G � Sym(V ) be a permutation group andZ(G) = fA 2 MatV : Ag = A; g 2 Ggbe its centralizer algebra. Then Z(G) is a cellular algebra on V . Its basis relations areexactly the 2-orbits of G. In particular, Cel(Z(G)) = Orb(G) where Orb(G) is the setof G-orbits.A cellular algebra W is called semiregular if din(R) = dout(R) = 1 for all R 2 R(W ).A homogeneous semiregular algebra is called regular. It is easy to see that semiregular(regular) algebras are exactly the centralizer algebras of semiregular (regular) permuta-tion groups.Two cellular algebras W and W 0 on V and V 0 are called isomorphic (W �= W 0) ifW ' =W 0 (as sets) for some bijection ' : V ! V 0 called an isomorphism fromW to W 0.Clearly, ' induces a bijection between the sets R(W ) and R(W 0). The group of allisomorphisms from W to itself contains a normal subgroupAut(W ) = f' 2 Sym(V ) : A' = A; A 2 Wgcalled the automorphism group ofW . IfW = Z(Aut(W )), thenW is called Schurian. Itis easy to see that W is Schurian i� the set of its basis relations coincides with the set of5



2-orbits of Aut(W ). We note that semiregular cellular algebras are Schurian. It followsfrom [13] that there exist cellular algebras which are not Schurian (see also [7]). Thesmallest example of a non-Schurian cellular algebra which we know is the commutativealgebra T (15) on 15 points corresponding to the skew Hadamard matrix of order 16(see [7] for the explicit description). This algebra has three basis relations whose degreesare 1, 7, 7 and is primitive in the sense of subsection 2.3.Along with the notion of an isomorphism we consider for cellular algebras that of aweak one. Namely, cellular algebras W on V and W 0 on V 0 are called weakly isomorphicif there exists an algebra isomorphism f : W ! W 0 such that f(A�) = f(A)� andf(A�B) = f(A)�f(B) for allA;B 2 W . In this case jV j = jV 0j, f(R(W )) = R(W 0) andf induces a bijection from Cel(W ) on Cel(W 0). Any such f is called a weak isomorphismfrom W to W 0. Note that each isomorphism from W to W 0 induces in a natural way aweak isomorphism between these algebras.2.3 Let W be a cellular algebra on V and E be an equivalence on V . We say thatE is an equivalence of W if it is the union of basis relations of W . The equivalencesof W with the adjacency matrices IV and JV are called trivial. Suppose now that W ishomogeneous. We call W imprimitive if it has a nontrivial equivalence. Otherwise it iscalled primitive unless jV j = 1. We stress that a cellular algebra on a one-point set isneither imprimitive nor primitive according to this de�nition.Lemma 2.1 ([11]) Let W be a primitive cellular algebra having a nonreexive basisrelation of degree 1. Then W �= Z(Zp) where Zp is a regular permutation group on ppoints, p being a prime.If W is primitive, then according to [11] each nonreexive basis relation of W isstrongly connected (in the corresponding graph any two vertices are connected by adirected path). In other words, given a basis matrix R of W , R 6= IV , each basis matrixS of W enters RiS for some positive integer iS, i.e. S � RiS 6= 0. If W is not regular,then iS can be chosen the same for all S by lemma 2.1.2.4 The set of all cellular algebras on V is put in order by inclusion. The greatestand the least elements of the set are respectively the full matrix algebra MatV and thesimplex S(V ) = Z(Sym(V )), i.e. the algebra with the linear base fIV ; JV g. For cellularalgebras W and W 0 we write W �W 0 if W is a subalgebra of W 0.Given a subset X of MatV , we denote by [X] the cellular closure of X, i.e. thesmallest cellular algebra containing X. If W is a cellular algebra on V , then W [X]denotes [W [X]. If X = fIfug : u 2 Ug where U is a subset of V , we use notation W[U ]instead of W [X] and set Wv1;:::;vs =W[fv1;:::;vsg] for v1; : : : ; vs 2 V .3 The exponentiation of cellular algebras3.1 Let W �MatV be a cellular algebra with R as the standard basis and � be a groupof weak isomorphisms from W to itself. For R 2 R we setR� = 1j�Rj X'2�R'6



where �R = f' 2 � : R' = Rg (we use notation R' instead of '(R)). Then clearlyR� is a f0,1g-matrix and two such matrices either coincide or orthogonal with respectto the Hadamard multiplication. It is easy to see thatXA2R�A = JV and AT 2 R� , A 2 R� (4)where R� = fR� : R 2 Rg. Set W� = [R�] � MatV .Lemma 3.1 The set R� is the standard basis of the cellular algebra W�.Proof. To prove the statement it su�ces by (4) to verify that the product of two matricesbelonging to R� is a linear combination of matrices from R�. Let us denote by cTR;S thestructure constants of the algebra W with respect to R. ThenR�S� = 1m X'; 2�R'S = 1m X'; 02��RS 0�' = 1m X'; 02� XT2R cTR;S 0T ' == 1m X 02� XT2R cTR;S 0�X'2�T '� = 1m X 02� XT2R cTR;S 0 j�T jT�where m = j�Rjj�Sj. This proves the required statement.Let W � MatV be a cellular algebra and let K be a permutation group on a set X.De�ning the action of the group K on V X by(fvxgx2X)k = fvxk�1gx2X; vx 2 V; k 2 Kwe can view K as a subgroup of the group of weak isomorphisms of WX to itself whereWX = W 
 � � � 
W (X times). By lemma 3.1 this de�nes a cellular algebra on V Xdenoted by W " K and called the exponentiation of W by K.The following properties of the exponentiation are straightforward from the de�ni-tion.Proposition 3.2 The following canonical isomorphisms take place:(1) W " (K1 �K2) �= (W " K1)
 (W " K2);(2) W " (K1 oK2) �= (W " K1) " K2;(3) (W1 
W2) " K �= (W1 " K)
 (W2 " K)where W;W1;W2 are cellular algebras, K1;K2;K are permutation groups and � (resp. o)denotes the direct sum (resp. the wreath product in imprimitive action) of permutationgroups.3.2 The above operation is closely related to the exponentiation of permutationgroups called also the wreath product in primitive action (see for instance [7]). Theexponentiation G " K of a permutation group G � Sym(V ) by a permutation groupK � Sym(X) is by de�nition the group consisting of permutations (fgxgx2X; k) withgx 2 G; k 2 K acting on the set V X byfvxg(fgxg;k) = fvgxk�1xk�1 g:7



The following inclusions are validAut(W ) " K � Aut(W " K) � Aut(W ) " K(1) (5)where K(1) is the 1-closure of K, i.e. the product of the symmetric groups acting onthe orbits of K. The �rst inclusion is straightforward. To check the second one wenote that Aut(S(V ) " Sym(X)) = Sym(V ) " Sym(X) (the both groups clearly havethe same 2-orbits and the second one is 2-closed, see [7]). Then each permutation fromAut(W " K) is of the form � = (fgxg; k), gx 2 Sym(V ), k 2 K. Moreover, gx 2 Aut(W )and k 2 K(1), which follows from considering the action of � on the basis relations ofW " K having the form RX and RO � SXnO where R;S are di�erent basis relationsof W and O is an orbit of K.The Schurity problem for the exponentiation is solved by the following statement.Theorem 3.3 The cellular algebra W " K is Schurian i� so is W .Proof. Let K � Sym(X). If W is Schurian, then clearly so is WX. This implies bythe de�nition of the exponentiation, that the basis relations of W " K are of the formOK = [k2KOk where O is a 2-orbit of Aut(WX). Since Aut(W ) " K acts transitivelyon OK , the su�ciency follows from the left side inclusion of (5).Conversely, let R be an arbitrary basis relation of W . Then the Schurity of W " Kimplies that the group Aut(W " K) acts transitively on the basis relation RX ofW " K.On the other hand, by the right side inclusion of (5) each permutation from Aut(W " K)is of the form (fgxg; k) with gx 2 Aut(W ) for all x 2 X. So the group Qx2X Aut(W )acts transitively on the set of pairs (fugx2X; fvgx2X) where (u; v) 2 R. Thus R is a2-orbit of Aut(W ) and so W is Schurian.3.3 If W is homogeneous, then W " K is a cellular subalgebra of the homogeneousalgebra WX . So it is homogeneous too. On the other hand, if U is a cell of W , thenclearly UX 2 Cel(W " K). Thus the algebra W " K is homogeneous if and only if sois W . The following statement characterizes the case of primitive exponentiation.Theorem 3.4 Let W �MatV be a cellular algebra and K � Sym(X) be a permutationgroup. Then W " K is primitive i� K is transitive and W is primitive and nonregular.Proof. Let W " K be a primitive cellular algebra. Then jV j > 1. If O 2 Orb(K),then the equivalence on V X the classes of which are de�ned by the equality of coordi-nates outside of O is a nontrivial equivalence of W " K. So K is a transitive group.Analogously, an equivalence E of W produces the equivalence of W " K the classes ofwhich are Qx2X Ux, Ux 2 V=E. This shows that W is primitive. Finally, W can not bea regular algebra for otherwise the relation with the adjacency matrix PR2RRX whereR = R(W ) would be a nontrivial equivalence of W " K.Conversely, let us consider the adjacency matrix E of some equivalence of W " K.Suppose that E 6= IVX and setS = fR 2 R(WX) : R � E = Rg:Then each matrix R 2 S can be written in the form R = 
x2XRx where Rx 2 R forall x. Let us choose a matrix R from S such that the number nR = jfx 2 X : Rx = IV gjbe as small as possible. It follows from the choice of E that R 6= IVX and so nR < jXj.8



We will show that nR = 0. Indeed, let Rx 6= IV and Ry = IV for some x; y 2 X. By thetransitivity of K there exists a permutation k 2 K such that xk = y. Since Ek = E,we conclude that Rk 2 S. So all the basis matrices of WX entering RRk also belongto S. On the other hand, since the cellular algebra W is primitive and nonregular, theproduct of two its basis matrices is a multiple of IV i� both of them equal IV . Let usapply this argument to matrices Rz and Rzk , z 2 X. Then since RxRxk = RxRy = Rx isnot a multiple of IV , there exists a matrix S 2 S entering RRk with nS < nR. Howeverthis contradicts the choice of R.Since Rx 6= IV , x 2 X, and W is primitive and nonregular, each basis matrix of Wenters Rixx for some positive integer ix (see subsection 2.3). So any basis matrix of WXenters Ri for some i (for instance we can take i to be the product of ix over all x 2 X).Since Ri �E = Ri, it means that E = JVX . So W " K has only trivial equivalences andhence is primitive.By theorems 3.3 and 3.4 the non-Schurian primitive algebra W = T (15) (see sub-section 2.2) generates a series of non-Schurian primitive cellular algebras W " K whereK runs over all transitive groups. The smallest such an algebra not coinciding with W(on 225 points) arises for K = Z2.4 Representations, bases, groups4.1 Let W be a cellular algebra on V . Since W is semisimple over C, it is isomorphicto the direct product of full matrix algebras:W = YP2Spec(W )WP �= YP2Spec(W )Mat[1;nP ] (6)where Spec(W ) is the set of all primitive central idempotents of W . It follows thatdimC(W ) = XP2Spec(W )n2P : (7)Since IV = PP2Spec(W ) P , we have the direct decompositionCV = XP2Spec(W )PCV : (8)where CV is the linear space over C with base V . For each P the W -module PCV isthe direct sum of irreducible W -modules of dimension nP over C isomorphic to eachother. Let us denote their number by mP . Then decomposition (8) implies thatn = XP2Spec(W )mPnP : (9)The numbers mp and nP are called below the multiplicity of P and the degree of Prespectively.Let now W be a homogeneous cellular algebra. As it was shown in [6] the followinginequality holds: nP � mP ; P 2 Spec(W ): (10)Moreover, nP = mP for all P i� W is regular.9



Lemma 4.1 Let W � MatV be a homogeneous cellular algebra. Thendim(WPv) = n2Pfor all P 2 Spec(W ) and v 2 V .Proof. If P 2 Spec(W ), then WP �= Mat[1;nP ] and so the dimension of the algebra WPover C equals n2P . This implies the inequalitydim(WPv) � n2P ; v 2 V: (11)On the other hand, the set Xv = fRv : R 2 R(W )g is obviously a linearly independentsubset of CV for v 2 V . Since W is homogeneous, we have jXvj = jR(W )j. So by (7)dim(Wv) = jXvj = jR(W )j = dim(W ) = XP2Spec(W )n2P : (12)It follows from (8) that dim(Wv) = PP2Spec(W ) dim(WPv). Thus (12) and (11) implythat dim(WPv) = n2P for all P .We complete the subsection by remarking that given a homogeneous cellular algebraW � MatV , the matrix JV =n is its primitive central idempotent of multiplicity anddegree 1. It is called the principal idempotent of W .4.2 The following notion is inspired by that of a base for permutation groups (seefor instance [10]).De�nition 4.2 A tuple (v1; : : : ; vb) 2 V b is called a base (ordered) of a cellular algebraW � MatV if Wv1;:::;vb = MatV . We call this base irredundant if fvig 62 Cel(Wv1 ;:::;vi�1)for all i 2 [1; b]. Otherwise it is called redundant. A subset B of V is called a base of Wif W[B] = MatV .In this section the term \base" always means ordered base. The minimum size of abase of W is denoted by b(W ). It is easy to see that 0 � b(W ) � n� 1 for all W on V .The lower and upper bounds are attained exactly for the full matrix algebra MatV andthe simplex S(V ) respectively. Given a permutation group G � Sym(V ) and a cellularalgebra W � MatV , the following inequalities hold:b(Aut(W )) � b(W ); b(G) � b(Z(G)) (13)where b(G) is the minimum size of a base of G. The �rst follows from the equalitiesAut(W )v1;:::;vb = Aut(Wv1;:::;vb) and Aut(MatV ) = f1g. The second is the consequenceof the �rst and the obvious fact that b(G) � b(G0) for G � G0.We do not develop the theory of cellular algebra bases in detail here but severalremarks should be done. Using the notions of a base and a higher closure (see section 5)we can give a su�cient condition for a cellular algebra to be Schurian. Namely, it wasproved in [4] that (b + 1)-closure of a cellular algebra W is Schurian where b = b(W ).(In fact, the split number of W de�ned in that paper coincides with b.) We also mentionthe upper bound b � O(pn log n) for a primitive cellular algebra W not coinciding withthe simplex S(V ) proved in [1]. Finally, for cellular algebras arising from Hadamardmatrices a logarithmic upper bound b � O(log n) follows from [9].4.3 It is easy to see (cf. (10) and below) that b(W ) � 1 = mP=nP for a regularcellular algebra W and each P 2 Spec(W ). This observation can be generalized asfollows. 10



Theorem 4.3 Let W � MatV be a primitive cellular algebra. ThenjBj � mPnPfor each irredundant base B of W and each nonprincipal idempotent P 2 Spec(W ). Inparticular, b(W ) � minP (mP=nP ) where P runs over the set of all such idempotents.Remark 4.4 The estimate of the theorem is sharp. The equality is attained, for in-stance, if W is a simplex or a regular algebra.Remark 4.5 The primitivity of W is essential. Indeed, let W = Z(G) where G is thepermutation group on 21 points de�ned by the action of the group PSL(3,2) on ags.Then W has an irredundant base of size 4 whereas mP=nP = 3 for its idempotent P ofdegree 2 and multiplicity 6.Proof. We start with two lemmas proved in [5]. To make the paper selfcontained wegive the complete proofs of them.Lemma 4.6 Let W be a cellular algebra on V . For A 2 MatV setEq(A) = f(u; v) 2 V � V j Au = Av 6= 0g:Then A 2 W implies that the adjacency matrix of the relation Eq(A) belongs to W .Proof. Let R be the standard basis of W . SinceEq�XR2R�(R)R� = [U2Cel(W )Eq� XR2RV;U �(R)R� = [U2Cel(W ) \�6=0Eq� XR2RV;U ;�(R)=�R�;it su�ces to prove the lemma for a nonzero A = PRR where R runs over a subset ofbasis matrices of W contained in RV;U for some U 2 Cel(W ). But for such an A wehave ATA = din(A) eA+B;where din(A) = PR din(R), eA is the adjacency matrix of Eq(A) and B = (Bu;v) is amatrix with 0 � Bu;v < din(A) for all u; v 2 V and B � eA = 0. It follows that eA 2 W .Lemma 4.7 Let W be a cellular algebra on V and A 2 W be a matrix with pairwisedistinct nonzero columns. Then Av 2 Pki=1Wvi implies fvg 2 Cel(Wv1;:::;vk) wherev; v1; : : : ; vk 2 V .Proof. Let Av belong to Pki=1Wvi and B 2 MatV be de�ned byBu = �Av; if u 2 fv1; : : : ; vkg;Au; otherwise.Then it is easy to see that B 2 Wv1;:::;vk . By lemma 4.6 we obtain that Eq(B) isan equivalence of Wv1;:::;vk . It follows from the hypothesis on A that k � 1 and theequivalence class modulo Eq(B) containing v1 coincides with the set fv1; : : : ; vk; vg.Denote by U the cell of Wv1;:::;vk containing v. Then fv1g � U is a basis relation of thealgebra Wv1;:::;vk . Thus U � fv1; : : : ; vk; vg, whence U = fvg.11



Let us turn into the theorem's proof. Let B = fv1; : : : ; vb) be an irredundant baseof W and P 2 Spec(W ) be a nonprincipal idempotent. We will prove that the sumLk = kXi=1WPvi (14)is direct for k 2 [0; b]. It su�ces to verify that WPvk \ Lk�1 = f0g for all k 2 [1; b].Let Avk 2 Lk�1 for some A 2 WP . Then the choice of B guarantees by lemma 4.7 thatthe relation Eq(A) is di�erent from the diagonal of V � V . Hence either A has a zerocolumn or Eq(A) is an equivalence of W by lemma 4.6. In both cases A = 0. In the �rstcase this is the consequence of the homogeneity of W . In the second one the primitivityof W implies that Eq(A) = V �V . This means that A is a multiple of JV and so A = 0by the choice of P .It follows from lemma 4.1 that dim(WPvi) = n2P for all i. On the other hand,Lb � PCV and dim(PCV ) = mPnP . Thus the direct decomposition (14) with k = bgives the inequality bn2P � mPnP ;which completes the proof.According to [12] the enveloping algebra Env(G) of a permutation group G coincideswith the commutator algebra of Z(G) and vice versa. Moreover, Spec(Env(G)) =Spec(Z(G)). Besides, the degree n� (multiplicity m�) of an irreducible representationof G entering its permutation representation corresponding to an idempotent P coincideswith mP (respectively, nP ). Thus theorem 4.3 implies by (13) the following statement.Corollary 4.8 If G is a primitive permutation group, thenb(G) � min� (n�=m�)where � runs over all nonprincipal irreducible representations of G entering its permu-tation representation.To formulate corollaries 4.9 and 4.12 let us de�ne for a homogeneous cellular algebraW �MatV the average degree dav and the weighted average ratio rav bydav = dav(W ) = XR2RnfIV g d(R)=(jRj � 1); rav = rav(W ) = (XP rPn2P )=(XP n2P ) (15)where R = R(W ) is the standard basis of W , rP = mP=nP and P runs over allnonprincipal idempotents from Spec(W ). Due to (3), (9) and (7) we havedav(t� 1) = XR 6=IV d(R) = n� 1 = XP 6=JV =nmPnP = rav(t� 1)where t = jR(W )j = dim(W ). Thusdav(W ) = rav(W ) (16)Theorem 4.3 implies by (16) the following statement.Corollary 4.9 If W is a primitive cellular algebra, then b(W ) � dav(W ).12



4.4 There is an obvious upper boundjAut(W )j � nb(W )for the order of the automorphism group of a cellular algebra W . The following state-ment gives another estimate for it in primitive case.Theorem 4.10 LetW be a primitive cellular algebra on V . Then for each non-reexivebasis relation R of it there exists an irredundant base B of W such thatjAut(W )j � ndb�1where d = d(R) is the degree of R and b = jBj is the size of B.Remark 4.11 The statement of the theorem is still valid if W is an arbitrary cellularalgebra, R is a connected relation on V being the union of basis relations S of W andd = maxS fdin(S); dout(S)g.Proof. Let R be a nonreexive basis relation of W . It follows from the primitivity of Wthat it is strongly connected. Therefore8v1; : : : ; vi 2 V : Wv1;:::;vi 6= MatV ) 9u 2 Xi : R(u) 6� XiwhereXi = fv 2 V : fvg 2 Cel(Wv1;:::;vi)g. This implies that there exists an irredundantbase B = (v1; : : : ; vb) such that vi+1 2 V nXi and RT (vi+1)\Xi 6= ; for all i 2 [1; b� 1].It follows that [Gv1;:::;vi : Gv1;:::;vi+1] � d; i 2 [1; b� 1]where G = Aut(W ). Since [G : Gv1 ] � n, the theorem follows.Theorems 4.3 and 4.10 enable us due to (16) to estimate the order of the automor-phism group of a primitive cellular algebra in terms of the ratios rP = mP=nP and thedegrees d(R).Corollary 4.12 Let W �MatV be a primitive cellular algebra. ThenjAut(W )j � n(dmin)dav�1; jAut(W )j � n(rav)rmin�1where dmin (resp. dav) is the minimum (resp. average) degree of a nonreexive basisrelation of W and rmin (resp. rav) is the minimum (resp. weighted average) ratio of anonprincipal idempotent P 2 Spec(W ) (see (15)).A famous Sims conjecture proved in [3] under the classi�cation of �nite simple groups(CFSG) states that jGj � nf(d) where G � Sym(V ) is a primitive permutation groupand d is the minimumsubdegree of G (coinciding with dmin of Z(G)). The �rst inequalityof corollary 4.12 with W = Z(G) provides a weaker upper bound for jGj. It would beinteresting to estimate dav by a function of dmin, which would give a new proof of theSims conjecture without assuming the CFSG.We complete the section by mentioning that according to theorem 4.2 of [6] theinequality dmin � 2O(mP ) holds uniformly for all nonprincipal idempotent P 2 Spec(W )of a primitive cellular algebra W . By theorems 4.10 and 4.3 this shows thatjAut(W )j � n � 2O(m2P =nP )still uniformly for all such P . 13



5 Two-closed primitive cellular algebras5.1 The notion of a m-closed cellular algebra was inroduced in [4] in connection withthe Schurity problem. It goes back to [11] where a similar notion was de�ned in analgorithmic way. We start with the main de�nitions concerning higher closed cellularalgebras.Let W be a cellular algebra on V . For each positive integer m we setcW = cW (m) = [W 
 � � � 
W| {z }m ; Z(Sym(V ); V m)]with Sym(V ) acting on V m coordinate-wise. We call the cellular algebra cW (m) �MatVmthe m-dimension extended algebra of W . The group Aut(cW ) acts faithfully on its in-variant set � = f(v; : : : ; v) : v 2 V g. Moreover, the mapping � : v 7! (v; : : : ; v) inducesa permutation group isomorphism between Aut(W ) and the constituent of Aut(cW )on � 1.The important feature of the cellular algebra cW (m) is the following possibility toextend the algebra W without changing its automorphism group. SetW (m) = ((cW (m))�)��1:We call W (m) the m-closure of W and say that W is m-closed if W = W (m). Eachcellular algebra is certainly 1-closed. However it is not the case for m � 2 (see [4]).The following proposition describes the relationship between the m-closures and theSchurian closure Sch(W ) = Z(Aut(W )) of a cellular algebra W .Proposition 5.1 ([4]) For each cellular algebra W on V the following statements hold:(1) Aut(W (m)) = Aut(W ) for all m � 1;(2) W =W (1) � : : : �W (n) = : : : = Sch(W );(3) (W (m))(l) =W (m) for all l 2 [1;m].Thus in a sense W (m) can be viewed as an approximation to Sch(W ).5.2 Below we restrict ourselves to the case m = 2. As we will see in the nextsubsection even in this case the properties of m-closed cellular algebras are di�erent fromthose of general ones (at least in primitive case). We need a statement on the structureof 2-extended algebras which is a consequence of proposition 3.6 and lemmas 2.5 and 3.1of [4].Lemma 5.2 Let W be a cellular algebra on V . Then(1) A subset R of V � V is a basis relation of W (2) i� it is a cell of cW (2).(2) For each v 2 V the set cWU = IUcWIU where U = Uv = fvg�V and cW = cW (2) cannaturally be viewed as a cellular algebra on the set U . Moreover, (Wv)�U � cWUwhere the bijection �U : V ! U is de�ned by u�U = (v; u).1It can be proved that in fact cW = [W 
 � � � 
W; I�].14



(3) Given two points v; v0 belonging to the same cell of W (2) there exists a weak iso-morphism f : cWU ! cWU 0 with U = Uv and U 0 = Uv0 such that f(I(v;v)) = I(v0;v0)and f(A�U ) = A�U 0 for all A 2 W .If G is a permutation group on V , then obviously Cel(Z(Gv)) = Orb(Gv), v 2 V , andZ(Gv) �= Z(Gv0) for v; v0 belonging to the same G-orbit (since Gv �= Gv0 as permutationgroups). The following statement generalizes these facts to 2-closed cellular algebras.Lemma 5.3 Let W be a 2-closed cellular algebra on V . Then(1) Cel(Wv) = fR(v) : R 2 Rg where v 2 V and R is the set of basis relations of W .(2) Given two points v; v0 belonging to the same cell of W there exists a weak iso-morphism ' = 'v;v0 : Wv ! Wv0 such that '(Iv) = Iv0 and '(A) = A for allA 2 W .Proof. Let v 2 V . Then V = [R2RR(v). So to prove (1) it su�ces to check that R(v)is a cell of Wv for all R. Let R 2 R. It follows from statement (1) of lemma 5.2 thatR 2 Cel(cW ) where cW = cW (2). On the other hand, by the �rst part of statement (2) oflemma 5.2 we see that cWU = IUcWIU is a cellular algebra on the set U = Uv. Hence theset U \ R is a cell of cWU . So by the second part of statement (2) of lemma 5.2 thereexists a cell X 2 Cel(Wv) such that X� � U \R where � = �U . Since (R(v))� = U \ Rwe conclude that X � R(v). However R(v) 2 Cel�(Wv). Thus X = R(v) and so R(v)is a cell of W .To prove (2) set in the notation of lemma 5.2 fW = (cWU )��1U and fW 0 = (cWU 0)��1U 0 .Then by statement (2) of that lemma fW and fW 0 are cellular algebras on V containingWv and Wv0 respectively. Statement (3) of the same lemma implies then that the map' : fW ! fW 0; '(A) = (f(A�U )��1U 0 ;is a weak isomorphism from fW to fW 0. The algebraWv (resp. Wv0) is the smallest cellularsubalgebra of fW (resp. fW 0) containing W and Iv (resp. Iv0). Thus '(Wv) = Wv0 bystatement (3) of lemma 5.2.The lemma we proved has an interesting consequence concerning cellular algebraswith nonreexive basis relations of degree 1.Corollary 5.4 Let W be a 2-closed homogeneous cellular algebra on V and E be anequivalence ofW being a union of basis relations ofW of degree 1. Then U 2 Cel(W [IU ])for each class U 2 V=E.Proof. It follows from the hypothesis on E that Wu = Wv = fW for all u; v 2 U .Therefore the set f'u;v : u; v 2 Ug is contained in the group of all weak isomorphismsfrom the algebra fW to itself. So by statement (2) of lemma 5.3 this set is contained inthe subgroup � preserving the standard basis of W . Hence the group � acts transitivelyon the set fIu : u 2 Ug. This implies that U is a cell of the cellular algebra fW� (seelemma 3.1). To complete the proof we note that fW� � W [IU], since the last algebra isthe smallest cellular overalgebra of W containing IU .5.3 In this subsection we present the properties of 2-closed primitive cellular algebraswhich generalize those of primitive permutation groups. In each case a "permutation15



group theorem" can be deduced from the corresponding "cellular algebra theorem" byusing the simplest reasons such as: given a primitive permutation group G the cellularalgebra Z(G) is also primitive, Aut(Z(G))v = Gv and so on. At the end of the subsectionwe give an example which shows that the hypothesis for a primitive algebra to be 2-closed is essential. We begin with the following characterization of 2-closed primitivealgebras (cf. theorem 8.2 of [13]).Theorem 5.5 Let W be a 2-closed homogeneous cellular algebra on V . Then W isprimitive i� the algebra Wv is a minimal cellular overalgebra of W for all v 2 V .Proof. Let W be primitive and W 0 be a cellular algebra on V for whichWv > W 0 � W .Denote by U the cell ofW 0 containing the point v. Then U 6= fvg for otherwiseW 0 �Wv.Thus there exists a nonreexive basis relation R of W such that R(v) \ U 6= ;. On theother hand, by statement (1) of lemma 5.3 we conclude that R(v) 2 Cel(Wv). Thisimplies that R(v) is contained in some cell of W 0. By the choice of R this cell coincideswith U , i.e. R(v) � U . Taking into account that the set R \ (U � U) is the union ofbasis relations of the homogeneous component W 0U of the algebra W 0, we conclude thatR(u) � U for all u 2 U . Since R is strongly connected (here we use the primitivityof W ), it follows that U = V . Applying statement (1) of lemma 5.3 to Wv = W 0v we seethat each basis relation of W is also a basis relation of W 0. Thus W 0 = W .Conversely, let E be an equivalence of W , E 6= V � V , and U be a class of E. Thenwe have the inclusion W [IU] � Wv for all v 2 U . Since W [IU ] 6= W (the choice of E),the minimality of Wv implies that W [IU ] = Wv for all v 2 U . By lemma 5.3 it followsthat d(R) = 1 for all basis relation R of W such that R � E. Thus the equivalence Esatis�es the hypothesis of corollary 5.4. So U 2 Cel(W [IU]) which implies that jU j = 1.This shows that the equivalence E is trivial.Another statement generalizes proposition 8.7 of [13].Theorem 5.6 Let W be a 2-closed primitive cellular algebra on V and u; v be di�erentpoints of V . Then W = Wu \Wv unless W �= Z(Zp) for a prime p.Proof. By theorem 5.5 we conclude that the cellular algebra Wu \Wv coincides witheither W or Wu. In the last case we also have Wu = Wv. Since W is 2-closed, it followsfrom lemma 5.3 that the basis relation R of W for which v 2 R(u) is of degree 1. SoW �= Z(Zp) by lemma 2.1.The following theorem generalizes theorem 17.6 of [13] on the faithful constituentsof a one-point stabilizer of a primitive permutation group.Theorem 5.7 Let W be a 2-closed primitive cellular algebra on V . Let v 2 V andB 2 Cel�(Wv), B 6= fvg be a nonempty subset of V containing the union of all cells Uof Wv such that the homogeneous component of Wv corresponding to U is imprimitive.Then B is a base of W .Proof. Denote by R and Rv the sets of basis relations of W and Wv respectively.Lemma 5.8 Let W be a 2-closed primitive nonregular cellular algebra on V and v 2 V .Then there exists a nonreexive basis relation R of W such that8S 2 R : S(v)�R(v) 2 Rv , S = �where � = �V = f(v; v) : v 2 V g is the diagonal of V � V .16



Proof. Choose R 2 R to be a nonreexive basis relation of maximal degree. Supposethat S(v)�R(v) 2 Rv for some S 2 R. By lemma 5.3 the sets S(v) and R(v) are cellsof Wv. So there exists T 2 R such that T � S(v)� R(v). Clearly, T (u) � R(v) for allu 2 S(v). So T (u) = R(v); u 2 S(v) (17)by the choice of R. The equivalence on V de�ned by u � w i� T (u) = T (w) coincideswith � by the primitivity of W and lemma 4.6 (applied to the adjacency matrix of therelation T ). So d(S) = jS(v)j = 1 due to (17)). Thus S = �, for otherwise W is regularby lemma 2.1. Since the converse implication follows from lemma 5.3, we are done.Let us turn into the theorem's proof. Without loss of generality we assume that Wis not regular and check �rst that B is a base of Wv. For two cells U;U 0 of Wv we de�nethe equivalence E(U;U 0) on U byE(U;U 0) = f(u1; u2) 2 U � U : S(u1) = S(u2) for all S 2 Rv; S � U � U 0g:Then it is easy to see thatE(U;U 0) = �U ) Wv(U;U 0) = MatU (18)where Wv(U;U 0) is the restriction of (Wv)[U 0] to U . Choose R as in lemma 5.8 and setX = R(v). By lemma 5.3 the set X is a cell of Wv. Suppose �rst that X � B. Then itfollows from theorem's hypothesis that E(U;X) is either U�U or �U for all cell U 6� B.But if U 6= fvg the �rst case is impossible by lemma 5.8 and so the statement followsfrom (18). Suppose now that X 6� B and hence the homogeneous component of Wvcorresponding to X is primitive. Then the above argument shows that E(X;U 0) = �Xfor all cell U 0 � B. So by (18) we can assume that X � B which returns us to theprevious case.To complete the proof we note that B is in fact a base of W . Otherwise, the cell Uof W[B] containing v is not a singleton. Since R(u) = R(v) for all u 2 U and any basisrelation R of W with R(v) � B, the above argument shows that W has a nontrivialequivalence, which contradicts the primitivity of W .To see that the hypothesis for W to be 2-closed is essential let us consider the non-Schurian primitive cellular algebra W = T (15) on V = [1; 15] de�ned in subsection 2.2.A straightforward computation shows then that there exists a point v0 2 V such that(1) Wv0 has three cells: two cells of size 7 and one cell of size 1;(2) if v 6= v0, then Wv has seven cells: four cells of size 3 and three cells of size 1;(3) Wv > Wv0 , if v 6= v0.Choose an arbitrary point v 2 V di�erent from v0. Then it is easy to see that state-ments (1) and (2) of lemma 5.3 do not hold for the point v and the pair (v0; v) respec-tively. So W can not be 2-closed. (In fact, W (2) = Sch(W )). On the other hand, theconclusion of theorem 5.5 is not true since Wv is not a minimal overalgebra of W byproperty (3). It can be shown in a similar way that for the algebra W the conclusionsof theorems 5.6 and 5.7 are also false. 17



5.4 It is well-known that each 3/2-transitive permutation group is either primitive ora Frobenius group (see theorem 10.4 in [13]). The following statement is a generalizationof this result to cellular algebras (see also [11]).Theorem 5.9 Let W be a 2-closed homogeneous cellular algebra on V . Suppose thatd(R) = d(S) for all nonreexive basis relations R;S of W . Then either W is primitiveor each irredundant base of W is of size at most 2.Remark 5.10 It follows from theorem 1.3 of [4] that in the second case the algebra Wis Schurian provided that it is 3-closed.Proof. Let W be an imprimitive cellular algebra with R as the set of basis relations,E be an equivalence of W and U 2 V=E. ThenjU j = XR2R;R�E d(R) = d(a� 1) + 1where d is the degree of any nonreexive basis relation of W and a is the cardinality ofthe set under the sum. So GCD(d; jU j) = 1: (19)For v 2 V set S = S(v; U) = fS 2 R : S(v) \ U 6= ;g. Then the sets S(v; U) fordi�erent U either coincide or disjoint (see [11]). So the set [S2SS(v) is the union ofclasses of E and hence djSj = XS2S d(S) = jU jlfor some positive integer l. It follows from (19) that jU j divides S. Since jSj � jU j, weconclude that jSj = jU j. ThusjR(v) \ U j � 1; U 2 V=E; v 2 V n U (20)for all R 2 R.Let us show that Wu;v = MatV for distinct u; v 2 V . Denote by U the class of Econtaining u. Then it su�ces to prove that din(R) = dout(R) = 1 for all R 2 Rucontained in (V n fug)� (V n fug) where Ru is the set of basis relations of Wu. SinceWu � W [IU ], we see that for each cell X 2 Cel(Wu) either X � U or X \ U = ;.Let X and X 0 be cells of Wu such that X � U n fug and X 0 \ U = ;. Then by (20)for an arbitrary v 2 X 0 the pairs (v;w) and (v;w0) with distinct w;w0 2 X belong todistinct basis relations of W . Therefore the number of basis relations of Wu containedin X 0 �X equals jXj. On the other hand, since W is 2-closed, we have by lemma 5.3that jXj = jX 0j = d. So we conclude that8R 2 Ru : R � (U n fug)� (V n U) ) din(R) = dout(R) = 1:To complete the proof we note that each basis matrix of Wu with support in (U nfug)�(U nfug) or (V nU)� (V nU) can be written as the product of two basis matrices of Wuwith support in (U n fug)� (V n U) and (V n U) � (U n fug).18
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