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Abstract

We introduce a new powerful method for proving lower bounds on ran-
domized and deterministic analytic decision trees, and give direct applica-
tions of our results towards some concrete geometric problems. We design
also randomized algebraic decision trees for recognizing the positive octant
in R” or computing MAX in R**! in depth logo(l) n. Both problems are
known to have linear lower bounds for the depth of any deterministic an-
alytic decision tree recognizing them. The main new (and unifying) proof
idea of the paper is in the reduction technique of the signs of testing func-
tions in a decision tree to the signs of their leading terms at the specially
chosen points. This allows us to reduce the complexity of a decision tree
to the complexity of a certain boolean circuit.
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1 Introduction

The problem of obtaining complexity lower bounds on algebraic decision trees
has a long history (a recent overview of the known methods can be found,
e.g., in [GKV95]; see also [R72], [B83], [M85], [MPR94], [Y92], [Y94], [GV96],
[GKMS96]). However almost all known results (with the exception of [R72],
[MPR94], and [GV96]) concern algebraic decision trees, i.e. decision trees with
the gate functions being polynomials.

In this paper we introduce a new method for proving lower bounds for a
stronger computational model of (deterministic and randomized) analytical deci-
sion trees, i.e. the trees with the gate functions being analytic (cf. also [R72]).

Let us briefly mention the main results of the paper.

In subsection 3.1, after describing the general method we give a short proof
for Rabin’s ([R72]) lower bound n (closing also a gap in his original proof for
the case of analytic functions; cf. [R72], [F93], [MPR94]) on the depth of testing
membership to an octant R} = {(z1,---,2,) € R" : 2y > 0,--- ,2, > 0} by
a deterministic analytic decision tree. In subsection 3.2 we design a randomized
algebraic decision tree (with the gates being polynomials of degrees at most n)
which recognizes R’ with the depth O(log®n). Furthermore, we design another
randomized tree of the same type computing max{xy, - ,x,} with the depth
O(log” n). This extends the result of [TY94] which was for the case of z1,--- ,z,
being pairwise distinct.

In Section 4 we study the size of analytic decision trees (which is a stronger
complexity measure than the commonly considered depth, since a lower bound
on the size implies immediately a lower bound on the depth). In particular,
as a corollary we prove an exponential lower bound 22" on the size of analytic
decision trees testing membership to the set of the points (xy,- -+, x2,) € R*" with
exactly n negative coordinates. Notice, that the only known so far exponential
lower bound on the size of decision trees was obtained in [GKY95] for testing
the octant R% under the assumption that the tree is ternary (i.e., branching
according to the inequalities <,=,> ) rather than a usual binary one (which
branches according to <,> ) and besides, the decision tree is algebraic, i.e. the
gate functions are polynomials of a fixed degree.

Finally, in Section 5 we obtain a lower bound €(y/n) on the depth of random-
ized analytic decision trees which recognize a set of the type {(xy, -+ ,x,) : the
number of negative elements among x1,--- ,z, is a multiple of ¢} for a fixed ¢
being not a power of 2. Notice that this is the first nontrivial lower bound for
randomized analytic decision trees (for randomized algebraic decision trees the
nonlinear lower bounds were proved in [GKMS96]).

A method for obtaining nonlinear lower bounds on the depth of Pfaffian com-
putation trees (which are the trees with the gates being Pfaffian functions and
thus, lying between the algebraic and analytic decision trees) for the problem
of testing membership to a polyhedron, was developed in [GV96]. This result



is however independent from the present paper since relying on the methods
introduced below, one could get only linear lower bounds on the depth.

2 Preliminaries

Similarly as in [GKMS96], for a given polynomial ¢ € R[Xj, -+, X, ], we define
its leading term [m(g) as follows. First we take the terms of g with the least
degree in X,,, then among them with the least degree in X,,_; and so on, till X;.
One can describe Im(g) by means of infinitesimals (cf., e.g., [GKMS96]).
Namely for a real closed field F' (see e.g. ([L65], [GV8E]) we say that an
element ¢ transcendental over F' is an infinitesimal (with respect to F' ) if 0 <
¢ < a for any element 0 < @ € F. This uniquely induces the order on the field

———

F(e) of rational functions and further on the real closure F'(¢) (see [L65]). Now
let &1 > --- > ¢, > 0 be the elements such that ¢, is infinitesimal with respect

to the real closed field R(¢) for ¢ = (e1,---,e¢), 0 < ¢ < n. Then the sign

sgn(g(er, -+ ,en)) = sgn(lm(g)(e1,- -+ ,,)) and on the other hand this property
uniquely determines the term Im(g). Actually, one could stick in the arguing
below with the real numbers 1 = 580) > 5(10) > > 67(10) > 0 instead of &1, , &,

where 5&3_)1 is “considerably smaller” than 5@0), 0 <! < n—1. But then one should

specify, what does it mean “considerably smaller”, and it is more convenient to
use infinitesimals.

As computational models we deal with the decision trees (DT's) (see e.g. [R72],
[MPR94], [Y94], [GKV95], [GKY95]). We consider two kinds of gates of DTs:
either polynomials of degrees at most d, then we denote the corresponding alge-
braic decision trees by d-DT, or the functions, being real analytic (cf. [C48]) in a
certain vicinity of the origin, then we denote the corresponding analytic decision
trees by A-DT. We denote by d-RDT or A-RDT, respectively, their random-
ized counterparts, called randomized decision trees, which are the sets {T,} (see
e.g. [MT82], [M85], [GKMS96]), with T, being a deterministic d-DT or A-DT,
respectively, chosen with a probability p, > 0, > p, = 1.

Observe that for a function a in n variables Xi,--- . X, being real analytic
at the origin, one can literally extend the notion of the leading term Im(a) as
above, treating a as a power series in Xy, -+, X,. Also sgn(a(ey, -+ ,e,)) =
sgn((Im(a))(e1,--- ,en)) holds, herewith the power series a(ey,--- ,&,) could be
naturally considered as an element of the real closed field R,,, where Rg = R and
for each 0 < ¢ < n—1 R4, is the field of Puiseux series 2530 p]‘e?_f_{a, p; ER;, 1<
0 € Z,integers jig < pi1 < --- increase (see e.g. [GV88]). Since R, is a real closed
field, due to Tarski’s transfer principle [T51], the sign sgn((Im(a))(ey, -+ ,,))
does not depend on, whether we regard (Im(a))(ey, - ,e,) as an element of the
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real closure R(ey,--- ,&,) or of its extension R,,.



3 Testing octant: deterministic vs. randomized
decision trees

Testing membership to the nonnegative octant R’y was firstly studied by M. Rabin
in [R72], where a (sharp) lower bound n was formulated for the depth of A-DT
(the gaps in the proof where filled in [FF93], [MPR94]). In the next subsection we
give a short proof of this bound for the case of analytic functions.

3.1 Deterministic decision trees

Let an A-DT T test membership to R%. For any vector o = (0y,---,0,) €
{=1,1}" consider a point K, = (o011, ,0.6,) € (R,)". Consider any gate
a of T, being a real analytic function. For any point (5(10),--- ey ¢ R?
where 5(10) > > e® > 0 and 553_)1 is sufficiently less than ego), 0 <1<
n — 1, we have Sgn(a(01€(10),"' L o,e0)) = Sgn((lm(a))(ale(lo),--- L 0,20,
Also sgn(a(F,)) = sgn((Im(a))(E,)) (cf.  section 2 above), obviously
sgn((m(@) (=, ,0,e)) = sgn((bm(@)(E.)).  Thus, sgn(a(E,)) =
Sgn(a(als(lo), o, 0,60 and thereby runs correctly for an input point £,.

Notice that the above argument was necessary since we deal with A-DTs. If
we would consider d-DT rather than A-DT, we could immediately apply Tarski’s
transfer principle [T51] to ensure that d-DT runs correctly for any input point
from (R,)". For the purpose of this paper the restriction on the input points F,
for A-DT suffices.

Take the path in 7" along which 7" runs for the point F .. 1) = (e1,--- ,€,)
(and therefore, outputs “yes”). Let g1, --,g: be the testing (real analytical)

functions along this path.
Lemmal. { > n

Proof. Denote Im(g;) = ¢; X7 - X2, ¢; € R, 1 < 7 < ¢. The sign
sgn(lm(g;)) is determined by the vector S; = (s1;,--- ,$,,) (mod 2) € (Fy)",
1 < j <t. Suppose that ¢t < n. Then there exists a nonzero vector (s1,--- ,8,) €
F} such that the inner products ((s1,---,5,),5;) = 0 (mod 2), 1 < 5 < ¢t
Denote o = ((=1)*,--+ ,(=1)*"). Then Im(g;(E,... 1)) = Im(g;(E;)), 1 <5 <4
i.e. I, satisfies all the tests along the path under consideration, and thereby the
output of T for the input E, is “yes”, but £, does not belong to the nonnegative
octant, the obtained contradiction proves the lemma.

Corollary 1. ([R72])
Any A-DT testing membership to R% has the depth at least n.



3.2 Randomized decision trees

In [TY94] it was shown that testing membership to the octant R7 can be per-
formed by an n-RDT with the depth (log n)°") under the assumption that all the
coordinates of an input vector (x1,--- ,x,) € R" are nonzeros. In this subsection
we design an n-RDT testing membership to R for arbitrary input vectors.

Thus, RDT (in particular n-RDT and A-RDT) could have much less depth
than any DT solving the same problem, cf. corollary 1. On the other hand,
in [GKMS96] it was proved the lower bound 75 on the depth of d-RDT testing
membership to R7}. This shows that there is a noncollapsing hierarchy on the
computational power of d-RDTs with respect to d.

Let (x1,---,2,) € R™ be an input vector. Denote by P C {l,--- ,n} the
subset of j such that z; < 0. Treating {1,--- ,n} as a subset of V = (IF,)les2"1
(in an arbitrary way), we apply to P theorem 2.4 [VV86]. It states that for a
random choice of vectors wy,: -+ ,weg,,y € V' the probability that one of the
truncated sets P, = PN{v € Vi(v,w) =0, 1 <@ </}, 0 <0 < [logyn|
consists of a single element is at least 1/4 (provided that P # ¢). For any
1 >4 > 0 making O(log1/6) rounds of choosing the vectors wy, -, Wiog, n], We
could achieve the latter probability to be greater than 1 — ¢ (for at least one of
the rounds).

For the next step we need to be able to pick out randomly a homogeneous
multilinear polynomial Ay from R[Y,---,Y,,] of degree k (for 0 < k < m )
and with all the coefficients in the interval [0,1]. In fact, one could pick out
randomly from a suitable finite set of such polynomials, or one could use the
general statement from [M85] which enables us for a randomized decision tree
with a continuous random parameter to replace it by a discrete one. For the
reason of simplicity we will use a continuous random parameter.

Thus, fix for the time being a chosen randomly truncated set {v € V; (v, w;) =
0, 1 <e <t} =451, ,jm}. Denote {Y1,--- Y.} ={X;,---,X,,.}. Observe

that a random homogeneous multilinear polynomial k) € R[Y7, -+ ,Y,,] vanishes
(with the probability 1) at the point (y1,- - ,ym) = (2, -+ ,2;,) if and only if
the number of zeroes among yy,- - , yn, is greater than m — k (if the latter is not

fulfilled it vanishes with the probability zero).

We construct an n-RDT T, which using binary search is testing
Rim21(Y1s -+ s Ym), then testing hpy,aq(y1, -+, ym) if the first test returns zero,
or else testing hsn/41(y1,-++ ,¥m) and so on, finds the minimal ko for which
hio (Y1, -+ Ym) vanishes. Then m — ko + 1 equals (with the probability 1) to the
number of zeroes among yy,- -+ ,Yn. Test also hgy—1(y1, -+ ,ym), unless kg = 1
and in this case (y1, - ,ym) = (0,---,0) and we agree 1 > hy > 0. If all
Y1, Y, Were nonnegative (in particular, if (zq,---,2,) € R%) then the latter
test would be positive. If among yy,--- ,y,, was exactly one negative element
then the latter test would be negative (with the probability 1).

Summarizing, T' makes O(log 1/§) rounds, choosing at every round some vec-



tors wy, -+, Weg, n], then for each truncated set (yi,---,y,) finds ky as de-
scribed above and tests hg,—1(y1, - ,ym). If all these tests are positive, then T
returns (1, -+ ,2,) € R}, else if at least one of the tests is negative, T' returns
(1, 2,) & R

It is not difficult to see the correctness of 1" in testing membership to R7.

Indeed, if (2y,---,2,) € R} then all the described tests hy,—1(y1, - ,ym) are
positive. Else, if (2q,---,2,) ¢ R% then with the probability greater than 1 — 4
one of the truncated sets (y1,--- ,ym) contains a single negative element. Then
for this truncated set the test hy,—1(y1, - , ym) would be negative.

Now complete the depth analysis of T. There are O(log1/d) rounds
choosing vectors wy, -+, Wfog, n], €ach of these vectors yields a truncated set
{yi," sym} C {a1, -+ ,2,}. For every of these truncated sets T' finds kq by

binary search, which in its turn also requires O(logn) steps. Thus, the depth of
n-RDT T can be bounded by O(log®nlog 1/4).

As an application of the described n-RDT one could design an n-RDT with a
similar depth O(log® n log 1/d) and the probability greater than 1—§ for the prob-
lem MAX (cf. [TY94], [GKY95]), namely, whether @y = max{xy,--- ,x,} for an
input vector (a1, -+ ,x,). It suffices to apply T to the vector (¥ — x2,--- , 21 —
r,) € R

If one would like to solve the MAX problem (i.e. computing max{zy,--- ,2,}),
then similarly as in [TY94] it is necessary to have a subroutine which increases a
candidate for max{xy,---,x,}, in other words, which finds an element x; greater
than x; (provided that such x; does exist). It corresponds to detecting negative
coordinate among xq — x2,--- , &1 — &, (provided, it does exist).

Namely, when a truncated set (y1,---,ym) with the negative test
hig—1(Y1, -+, Ym) is found, we use the binary search to test as above, whether for
the set (y1,--- ,Y[m/21) for the maximal &y for which Ay _1(y1, -+, y[pms21) does
not vanish, the inequality hg,_1(y1, - ,ypms21) < 0 holds. If this is the case,
then proceed to the half (y1,- -+, yrm/21), else if by _1(y1,-- ,Ypms21) > 0, then
proceed to the half (Y. 21, ,¥m), and so on. If (y1,--- ,yn) contained a sin-
gle negative element after [log, m| steps, the described subroutine would find it.
Thus, the depth of n-RDT for the described subroutine which finds a negative
element among xi,--- ,x, (or returns that (zy,---,z,) € RY}) is bounded by
O(log® n - log 1/§). The probability of the correct output is greater than 1 — 4.

Finally, in [TY94] it is shown that the result of applying the procedure of
finding a greater element among x4, - , x,, successively O(logn) times, taking
d = O(1/n) equals to max{xy,--- ,x,} with the probability close to 1. Thus, one
can compute max{zy, - ,x,} by n-RDT with the depth O(log”n).

Let us summarize what we have proved in this subsection in the following
theorem.

Theorem 1. For each of the following problems there is an n-RDT which for
any input vector (x1,---,2,) € R”



a) tests membership to R7 or tests whether x; = max{zy,---,z,} in the

depth O(log® n);

b) finds a negative z; (or returns that (zy,---,z,) € R%) in the depth
O(log”® n)
c¢) computes 7 such that z; = max{x;, -+ ,z,} in the depth O(log” n).

4 Exponential lower bound on the size of deter-
ministic analytic decision trees

In this section we study the size of a decision tree as its complexity measure
rather than its depth. Evidently, a lower bound on the size immediately implies
a (logarithmic) lower bound on the depth, so it is a more difficult problem, and
the known methods for obtaining lower bounds on the depth (see e.g. [GKV95]
and the references there) do not give any lower bound on the size. Besides, as a
counterpart to Rabin’s linear lower bound on the depth for testing membership
to R} (see subsection 3.1) an upper linear bound on the size is obvious. The
point is that we deal usually with the binary decision trees (i.e. branching at
< or >). In [GKY95] ternary decision trees were studied (i.e. branching goes
according to <, =, >) and an exponential lower bound on the size for testing
membership to R’} was obtained for algebraic d-DT where d = const. However,
the result of [GKY95] cannot be deduced from the methods of this section since
these methods work for binary decision trees, and on the other hand for binary
trees there is already mentioned above obvious linear upper bound on the size
for testing R%. Thus, the lower bounds on the size for binary and ternary trees
are independent.

In this section we design a method for obtaining the first exponential lower
bounds on the size of analytic decision trees, and we provide some concrete ex-
amples of the problems for which the sizes of A-DT's are exponential.

Consider an A-DT T'. As in the subsection 3.1 we restrict T" to the inputs E,.
In this setting we attach to T a function b : {—1,1}" — {—1,1} which maps o
to 1 if and only if E, is accepted by T (to each accepting (resp. rejecting) leaf of
T 1 (resp. —1) is attached). One could treat b as a boolean function (cf. [BS90],
[KM91]) and also as an element of a bigger set B, of functions {—1,1}" — R
which is isomorphic to R?". Then B,, is R-space with the basis of all multilinear
monomials { X! = X{' - X} iy, - 4, € {0,1}.

Thus, for a boolean function b we have an expansion b = 3; 37X, herewith
the norm Ly((81)1) = Y181 = 1 (since the vector (3;); is an image of the
vector W(b(:p))x with L,-norm equal to 1 under the unitary Fourier transform

being n-th tensor power of the matrix % ( bl

A G| ) The important feature of



b studied in [BS90], [KM91] is its Li-norm L1(b) = >;|Br|. We use the following

lemma from [KM91] for which we give here also a short proof.
Lemma 2. ([KM91]) If the tree T has m leaves then Li(b) < m.

Proof. As we restrict T' to the inputs F, we could replace each gate g of T
by Im(g) (see subsection 3.1). Thereby, to any subtree T" of T' we could assign a
(boolean) function bys : {—1,1}* — {—1, 1}, then b is assigned to the whole tree
T.

We prove lemma by induction on the size of the tree. In case of the base of
induction the tree consists of a single leaf with constant 1 or —1 boolean function
attached. For the inductive step consider a term {m(g) = ¢ X!, ¢ € R in the root
v of T and let the boolean functions b(1), b?) are attached to two subtrees 71, 7'()
of T with the roots being the sons of v. Then b = %(1 — Xl)b(l) + %(1 + Xl)b(z)
and hence L;(b) < Li(b) + Ly(b?). Then applying inductive hypothesis to the
subtrees T™M, T2 completes the proof of the lemma.

Y

To exhibit an example of a set, for which the membership requires an ex-
ponential size for any A-DT T, denote by C, = {01 X; > 0,--- ,0,X,, > 0},
o1, ,0, € {=1,1} an octant. Assume that 7" recognizes membership to a
set M such that U,epC, € M C UyemCy U {X1--- X,,= 0} for a certain set
M C {—1,1}", i.e. the inner part of M coincides with U,cpC,. Denote by
bu i {—1,1}" — {—1,1} the boolean function such that bas(c) = —1 if and only
ifoe M.

Lemma 2 provides the lower bound L;(ba) on the size of a decision tree T
testing the set M. Now we give two examples of sets M with a big norm L1 (ba)
taken from [BS90].

Let n = 2k and define Mgxact CR™ to be the set of points (xq,--- , x,) with
exactly k£ negative coordinates among xq,--- ,x,.

Now let n = 4k and define M4CR" to be the set of all the points (z1,--- , ;)
such that for each 0 <1 < k — 1 either x4y, T4;12 are both negative or x5,
T4;44 are both negative.

Using the bounds L (bagy,or) = 2%/k (observe that this bound is close to the
possible largest bound due to the Cauchy inequality L;(b) < 2?2 for any boolean
function b € B,,), Li(bms) > (1.25)% [BS90] and Lemma 2 we get the following
corollary.

Corollary 2. Any analytic decision tree testing membership to a) Mgxacr
or to b) My has the size greater than 2%,



5 Lower bound on the depth of randomized an-
alytic decision trees

We have shown in Section 3 that randomization can enhance dramatically the effi-
ciency of analytic decision trees. In this section we prove a lower bound Q(y/n) for
randomized analytic decision trees recognizing sets like £; ,=U, (mod ¢)=iC,,
where the union is taken over o € {—1,1}" such that the number of —1 in ¢ has
a residue ¢ (mod ¢), and ¢ is not a power of 2.

Thus, assume A-RDT 709 = {T,} with the depth ¢ recognizes L;,. As-
suming that ¢ is small (say, a constant), one can suppose ¢ to be an odd prime,
taking into account that the complexities of recognizing L;, for diverse ¢ (and
fixed ¢) coincide. Indeed, in order to reduce recognizing L, , to recognizing L;,
one replaces the input (w1, -+ ,2,) by (=21, , —Tjoi, Tjig1, -+ 5 Tp)-

Again as in the previous section we restrict 7(59 to the set of 2 points F,
and take A-DT T, which makes at most %2” errors on the points £ C {E,},, i.e.
|E| < %2”. Again as in Section 4 we associate with T, a boolean function b,, but
unlike Section 4 in a more standard setting, namely b, : {0,1}" — {0,1} = F,.
For each gate ¢ (being an analytic function) of T, consider Im(g) = eXi' --- X
and replace ¢ by a linear form L,(y1, -+ ,yn) = t1y1 + - + 1nyn (mod 2) : Fy —
Fy. To every path of T, with the gate functions ¢y, - - - , gx, we attach the product
of linear functions (Ly, + 71) -+ (Lg, + 7)) where 7, € {0,1}, 1 < ¢ < k is the
corresponding sign of the branch at the path with the gate function g;. Then
b, coincides with the sum of the products (L, + m1)--- (L, + ) attached to
all the paths with the outputs 1. Similar to Section 4 we can give an inductive
description of b,. For the base of induction consider a tree consisting of a single
leaf and b, equals to the output of this leaf. For the inductive step let the gate g
be assigned at the root v of T, and the boolean functions b(Y), 5(?) are attached to
the left and right subtrees, respectively, with the roots being the sons of v. Then
by = L, -0 + (L, +1)6?,

Therefore, degb, < t. Thus, b, coincides with the boolean function MOD, ,
at more than %2” points, and hence the Corollary and Lemma 4 [S87] imply
that degb, > Q(y/n) for a certain 0 < ¢ < ¢ — 1, see above (to apply directly
Corollary [S87] one has to imbed the functions b,, MOD, , in the set of functions
{0,1}" — Fy¢ for a suitable extension Fye of Fy, cf. lemma 5 [S87]). Thus, we get
the following theorem.

Theorem 2. Any A-RDT which recognizes the union of octants
Us (mod q))=iCo has the depth greater than Q(\/n) (for a fixed q being not a power
of 2).

O



6 Open Problems and Further Research

There remain important open problems on randomized decision complexity of
many concrete problems which are expressible by simultaneous positivity of small
degree polynomials, like quadratic or cubic ones. The interesting examples in-
clude Flement Distinctness in algebraic computation tree model or for n-RDTs
(cf. a randomizedlower bound Q(n log n) [GKMS96] for n’-RDTs with sufficiently
small § > 0), Finite Union of Balls in R”, or algebraic version of 3SAT being the

existentional problem of simultaneous positivity of cubic polynomials.

Acknowledgement

We thank Andy Yao for many stimulating discussions on the subject of the paper.

10



References

[B83] M. Ben-Or, Lower Bounds for Algebraic Computation Trees, Proc. ACM
STOC, 1989, pp. 80-86.

[BLY92] A.Bjorner, L. Lovasz, A. Yao, Linear Decision Trees: Volume Fstimates
and Topological Bounds, Proc. ACM STOC, 1992, pp. 170-177.

[BS90] J. Bruck, R. Smolensky, Polynomial threshold functions, AC° functions
and spectral norms., Proc. IEEE FOCS, 1990, pp. 632-641.

[BKL93] P. Buergisser, M. Karpinski, T. Lickteig, On Randomized Algebraic Test
Complexity, Computational Complexity 9, 1993, pp. 231-251.

[C63] H. Cartan, Elementary Theory of Analytic Functions of One or Several
Complex Variables, Addison-Wesley, 1963.

[C48] R. Courant, Theory of Functions of a Complex Variable, New York Uni-
versity Press, 1948.

[E87] H. Edelesbrunner, Algorithms in Combinatorial Geometry, Springer-
Verlag, 1987.

[F'93] R. Fleicher, Decision Trees: Old and New Results, Proc. ACM STOC, 1993,
pp. 468-477.

[GK93] D. Grigoriev, M. Karpinski, Lower Bounds on Complezity of Test-
ing Membership to a Polygon for Algebraic and Randomized Computation
Trees, Technical Report TR-93-042, International Computer Science Insti-
tute, Berkeley, 1993.

[GKMS96] D. Grigoriev, M. Karpinski, F. Meyer auf der Heide, R. Smolensky, A
lower bound for randomized algebraic decision trees, to appear in Proc. ACM

STOC, 1996.

[GKV95] D. Grigoriev, M. Karpinski, N. Vorobjov, Improved lower bound on
testing membership to a polyhedron by algebraic decision trees, Proc. IEEE
FOCS, 1995, pp. 258-265.

[GKY95] D. Grigoriev, M. Karpinski, A. Yao, An exponential lower bound on
the size of algebraic decision trees for MAX, Technical Report TR-95-066,
International Computer Science Institute, Berkeley, 1995; submitted to Com-
putational Complexity.

[GV88] D. Grigoriev, N. Vorobjov, Solving systems of polynomial inequalities in
subexponential time, J. Symb. Comput. 5, 1988, pp. 37-64.

11



[GV96] D. Grigoriev, N. Vorobjov, Complezity lower bounds for computation
trees with elementary transcendental function gates, Proc. IEEE FOCS, 1994,
pp- H48-552.

[J81] J.W. Jaromczyk, Lower Bound for Problems Defined by Polynomial In-
equalities, Proc. Symp. on Foundations Computation Theory, 1981, LNCS,
Vol. 117, Springer-Verlag, 1981, pp. 165-172.

[KM91] E. Kushilevitz, Y. Mansour, Learning decision trees using the Fourier
spectrum, Proc. ACM STOC, 1991, pp. 455-464.

[L65] S. Lang, Algebra, Addison-Wesley, 1965.

[MT82] U. Manber, M. Tompa, Propabilistic, Nondeterministic and Alternating
Decision Trees, Proc. ACM STOC, 1982, pp. 234-244.

[M85] F. Meyer auf der Heide, Simulating Probabilistic by Deterministic Alge-
braic Computation Trees, Theor. Comput. Sci. 41, 1985, pp. 325-330.

[MPR94] L. Montana, L. Pardo, T. Recio, A note on Rabin’s width of a complete
proof, Computational Complexity 4, 1994, pp. 12-36.

[R72] M. Rabin, Proving simultaneous positivity of linear forms, J. Com-
put. Syst. Sci. 6, 1972, pp. 639-650.

[S87] R. Smolensky, Algebraic methods in the theory of lower bounds for boolean
circuit complexity, Proc. ACM STOC, 1987, pp. 77-82.

[T51] A. Tarski, A decision method for elementary algebra and geometry, Uni-
versity of California Press, 1951.

[TY94] H. Ting, A. Yao, A randomized algorithm for finding mazimum with
0(log®n) polynomial tests, Inform. Processing Letters 49, 1994, pp. 39-43.

[VV86] L. Valiant, V. Vazirani, NP is as easy as detecting unique solutions,
Theor. Comp. Sci. 47, 1986, pp. 85-93.

[Y92] A. Yao, Algebraic decision trees and Fuler characteristics, Proc. IEEE
FOCS, 1992, pp. 268-277

[Y94] A. Yao, Decision Tree Complexity and Betti Numbers, Proc. ACM STOC,
1994, pp. 615-624.

12



