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IntroductionIn the paper an algorithm is described which, given a black box to evaluate a t{sparse n{variable rational function (a quotient of two t{sparse polynomials) f withrational coe�cients, constructs the rational coe�cients and integer exponents of at{sparse representations of f using 2(t2� t+1) black box evaluations, and the poly-nomial in tt; n number of arithmetical operations and evaluations of the logarithm.Herewith each evaluation of the logarithm requires O(n log d) arithmetical opera-tions where d is an upper bound for the degree of the numerator and denominatorof f . Previously known result [4] required (tnt logd)O(1) black box evaluations andarithmetical operations.We consider also the modular black box oracle which computes for di�erentprimes p the reductions modp of values of f in prescribed points, c.f. [1]. Letthe length of numerators and denominators of rational coe�cients of f in somet{sparse representation of f be less than M and d be an upper bound for thedegree of the numerator and denominator of f in this representation. We suggestan algorithm which using this oracle constructs the coe�cients and exponents froma t{sparse representation of f within the time polynomial in tt; M; n; logd usingthe polynomial in t; M; n; logd number of black box evaluations.The last model, c.f. [1], a�ords to avoid the di�culties arising in other modelsconsidered earlier [5], [6], [7] and consisting in the fact that the exact rational valuesof sparse rational functions even in small integer points like 2; 3 : : : have exponentiallength in the size of input.Let Q be algebraic closure of the �eld of rational Q. Let for the rational func-tion f 2 Q(X) there exist (t1; t2){sparse representation f = (P�2A a�X�)=(1 +P�2B b�X�) where a�; b� 2 Q; A;B �Zand #A = t1, #B = t2 � 1, 0 62 B. Wecall this representation uniquely de�ned by its exponents if it uniquely de�ned bythe sets of exponents A;B, see Section 1 and Section 2 for the case of many variables.Each representation of the rational function f which is minimally (t1; t2){sparse, see[4], is uniquely de�ned by its exponents. Factually we construct in our algorithmsall the (t1; t2){sparse representations of f uniquely de�ned by their exponents formaxft1; t2g � t. They correspond to the isolated solutions of some systems of al-gebraic equations and inequalities over the �eld of real numbers. Our reductionfrom multivariable case to one variable is easier for (t1; t2){sparse representationsuniquely de�ned by their exponents than the reduction of [4] for representationwhich are minimally (t1; t2){sparse.Complexity issues for t{sparse polynomial and rational functions have been dealtin several papers. We refer for the bibliography to [4].In this paper for an integer a we de�ne the bitwise lengthl(a) = minfs 2Z: jaj � 2s�1g;and if q 2 Q then l(q) = l(q1) + l(q2) where q = q1=q2; q1; q2 2Z, GCD(q1; q2) = 1.2



1 Interpolation of sparse rational functions in onevariableLet 1 � t1; t2 2Z. The rational function f 2 Q(X) is called (t1; t2){sparse, c.f. [4],if it is represented in a formf = P1�i�t1 aiX�i1 +P1�j�t2�1 bjX�j (1)where ai; bj 2 Q; �i; �j 2 Z, bj 6= 0 for all i; j and �i1 6= �i2, �j1 6= �j2 for alli1 6= i2, j1 6= j2. We shall suppose that maxi;jfj�ij; j�jjg < d.So if t = maxft1; t2g then f is t{sparse in the sense of the Introduction.We shall show below, see Lemma 2 that if f 2 Q(X) and f is (t1; t2){sparsethen there exists representation (1) for f such that ai; bj 2 Q for all i; j.Now we give some de�nitions. Representation (1) of the rational function fwill be called uniquely de�ned by its exponents if the coe�cients ai; 1 � i � t1;bj; 1 � j � t2 � 1, are uniquely determined by the exponents �i; 1 � i � t1;�j ; 1 � j � t2 � 1, i.e. the equalityf = P1�i�t1 a0iX�i1 +P1�j�t2�1 b0jX�j (2)where a0i; b0j 2 Q entails that a0i = ai, b0j = bj for all i and j. The (t1; t2){sparserepresentation (1) of f is called minimal [4] if there exists no (t1 � 1; t2){sparse or(t1; t2 � 1){sparse representation of f .Note that if (1) is minimal then it is uniquely de�ned by its exponents. Indeed,if there exists representation (2) which is di�erent from (1) thenf = P1�i�t1(a0i � ai)X�iP1�j�t2�1(b0j � bj)X�j :This contradicts to the minimality of (1) and proves our assertion.Note that for every representation (1) there exists representation (2) such that(2) is (�1; �2){sparse, 1 � �1 � t1; 1 � �2 � t2 and (2) is uniquely de�ned byits exponents. Indeed, order the pairs of integers (�1; �2) lexicographically, i.e.(�1; �2) < (� 01; � 02) i� �1 < � 01 or �1 = � 01 and �2 < � 02. Let (�1; �2) be the minimal pairfor which there exists representation (2) which is (�1; �2){sparse. This (�1; �2){sparserepresentation is uniquely de�ned by its exponents and our assertion is proved.Let a black box oracle be given which computes the values of f in rational points.If q 2 Q then the oracle computes f(q) 2 Q[ f�g. If the value � is obtained thenone of the following conditions is satis�ed(i) there exists 1 � i � t1 such that ai 6= 0 but �i < 0 in (1),3



(ii) there exists 1 � j � t2 � 1 such that bj 6= 0 but �j < 0 in (1),(iii) the denominator 1 +P1�j�t2�1 bjq�j = 0 in (1).THEOREM 1 Let f 2 Q(X) and there exists representation (1) for f . Onecan construct using the black box oracle described all the uniquely de�ned by theirexponents representations f = P1�i��1 ciX
i1 +P1�j��2�1 djX�j : (3)of f as (�1; �2){sparse rational function for all possible pairs (�1; �2) such that1 � �1 � t1; 1 � �2 � t2, i.e. construct rational coe�cients ci; dj, and integer expo-nents 
i; �j for all i; j in these representations. The algorithm uses 2t1t2 + 2t2 � 2evaluations with the oracle and the polynomial in tt; logd number of arithmeticaloperations.PROOFDESCRIPTION OF THE ALGORITHM Choose an integer p > 1.Compute using the oracle f(ps) for 1 � s � 2t1t2 + 2t2 � 2. DenoteS = fs : 1 � s � 2t1t2 + 2t2 � 2& f(ps) 6= �g:We shall show below that #S � 2t1t2 + t2 � 1. Enumerate pairs (�1; �2) in thelexicographical order starting from (1; 1). For the current pair (�1; �2) consider thefollowing system of equations and inequalities8><>: P1�i��1 UiY si = f(ps)(1 +P1�j��2�1 VjZsj ); s 2 S;Yi > 0; 1 � i � �1;Zj > 0; 1 � j � �2 � 1 (4)in 2�1 + 2�2 � 2 variables Ui; Yi; 1 � i � �1; Vj; Zj ; 1 � j � �2 � 1.Apply the algorithm from [10] and construct a �nite set A(�1; �2) of solutions of(4) such that for every connected component C of the variety of solutions of system(4) there exists ! 2 A(�1; �2) \ C and the number elements #A(�1; �2) < P(tt) fora polynomial P. Besides that, the number of arithmetical operations required forconstructing A(�1; �2) is polynomial in tt, see [10]. So the set A(�1; �2) contains allthe isolated solutions of (4).For every solution ! = (ui; yi; 1 � i � �1; vj; zj ; 1 � j � �2 � 1) 2 A(�1; �2)compute ci = ui, the integers 
i � logp yi < 
i � 1; 1 � i � �1, dj = vj , andthe integers �i � logp zj < deltai � 1; 1 � i � �2 � 1. Denote by B(�1; �2) thesubset of A(�1; �2) consisting of such ! for which all ci; dj are rational numbers andp
i = yi; p�j = zj for all i and j. We shall show below in Lemma 1 and Lemma 2 thatfor every uniquely de�ned by its exponent representation (3) of f as a (�1; �2){sparserational function there exists ! 2 B(�1; �2) for which the corresponding constructedelements ci; dj; 
i; �j are from (3). In any case the rational functions f andf1 = ( X1�i��1 ciX
i )=(1 + X1�j��2�1 djX�j )4



are de�ned and coincide in at least 2t1t2 points of S, and therefore coincide identi-cally.If (�1; �2) 6= (t1; t2) then go to the consideration of the next pair in the lexico-graphical order. If (�1; �2) = (t1; t2) then choose among all the constructed repre-sentations of f uniquely de�ned by their exponents representations. The algorithmis described.CORRECTNESS OF THE ALGORITHM Note that for every posi-tive pairwise di�erent x1; : : : ; xm any minor of the Vandermond matrix (xji )1�i;j�mis di�erent from zero, see e.g. [3].It follows from here that the number of zeros of the denominator of f in the setfpi : 1 � i � 2t1t2 + 2t2 � 2g is no more than t2 � 1. So #S � 2t1t2 + t2 � 1.Similarly the rational functions f andf1 = ( X1�i��1 ciX
i )=(1 + X1�j��2�1djX�j )from the description of the algorithmare de�ned and coincide in at least 2t1t2 pointsof S and therefore coincide identically, see Corollary 4 from [4].Now we need only the following two lemmas.LEMMA 1 Let representation (3) of the rational function f be uniquely de�nedby its exponents. Consider system of equations and inequalities (4) Denote by Wthe variety of all the real solutions of this system. Then the point � with thecoordinates, see (3),Ui = ci; Vj = dj; Yi = p
i ; Zj = p�j ; 1 � i � t1; 1 � j � t2 � 1is an isolated point of W.PROOF The point � gives a solution of (4) from W. Now it is su�cient toprove that � is an isolated point of W.Let the point �1 fromW give a solution ui; vj; yi; zj; 1 � i � t1; 1 � j � t2 � 1of system (4) . Denote y0 = v0 = 1 and d0 = 1, �0 = 0. Then (4) and (3) entail( X0�j��2�1 vjzmj )( X1�i�t1 cip
im) = ( X0�j�t2�1djp�jm)( X1�i��1 uiymi ); m 2 S: (5)DenoteI = fi : 1 � i � �1; i 2Zg; J = fj : 0 � j � �2 � 1; j 2Zg,I0 = fi : 1 � i � t1; i 2Zg; J 0 = fj : 0 � j � t2 � 1; j 2Zg,T = fp
izj : i 2 I0; j 2 Jg [ fp�jyi : i 2 I; j 2 J 0g,if w 2 T then I(w) = f(i; j) 2 I � J 0 : p�jyi = wg and J(w) = f(i; j) 2 I 0 � J :p
izj = wg. 5



Now (5) entailsXw2T ( X(i;j)2J(w) civj � X(i;j)2I(w)uidj)wm = 0; m 2 S: (6)Since #T � 2t1t2 and w > 0 for every w 2 T we infer from (6) that for every w 2 TX(i;j)2J(w) civj � X(i;j)2I(w)uidj = 0: (7)DenoteT1 = fpi : i 2Zg,I1 = fi : yi 2 T1; 1 � i � �1g and J1 = fj : zj 2 T1; 0 � j � �2 � 1g.Suppose that the distance j�� �1j in R2(�1+�2�1) from � to �1 is less than" = p�1+mini;jf
i;�jg:Then yi = p
i and zj = p�j for all i 2 I1 and j 2 J1 since in this case yi; zj 2 T .Now we deduce from (7)(Xj2J1 vjX�j )(Xi2I ciX
i ) = (Xj2J djX�j )(Xi2I1 uiX
i )Further, Pj2J1 vjX�j 6= 0 since 0 2 J1 and v0 = 1. Thus,f(X) = Pi2I1 uiX
iPj2J1 vjp�jis a representation of f . Therefore, I1 = f1; : : : ; �1g, J1 = f0; : : : ; �2 � 1g andui = ci, vj = dj for all i; j since (3) is uniquely de�ned by its exponents. So ifj�� �1j < " then � = �1, i.e. � is an isolated point of W. The lemma is proved.LEMMA 2 Let f 2 Q(X) and (3) be a uniquely de�ned by its exponentsrepresentation for f . Then ci; dj 2 Q for all 1 � i � �1 and 1 � j � �2 � 1.PROOF Changing f for X
f for some integer 
 we can suppose without lossof generality that the numerator and denominator in the left part of (3) are poly-nomials in X. Let f = f1=f2 where GCD(f1; f2) = 1 and f1; f2 2 Q[X]. LetP1�i��1 ciX
i = gf1 and P1�j��2�1 djX�j = gf2 where g 2 k[X] for some al-gebraic extension k of Q. Let e1 = 1; e2; : : : ; eu be a basis of k over Q. Theng =P1�i�u giei for the uniquely de�ned polynomials g1; : : : ; gu 2 Q[X]. Thenf = g1f1g1f2is a (�1; �2){sparse representation of f with the same exponents in X as in (3).Sog1f1 = gf1 and g1f2 = gf2. The lemma is proved.The correctness of the algorithm described is proved.6



The bound for the number of arithmetical operations in the algorithm describedfollows directly from the estimations for the working time of the algorithms applied.The theorem is proved.REMARK 1 Note that for every representation (3) from Theorem 1 it is ful-�lled maxi;j f
i; �jg < 2d(2t� 1)since, otherwise, (3) is not uniquely de�ned by its exponents, c.f. Lemma 3 (c) from[4].2 Interpolation of sparse rational functions in manyvariablesLet f = P(i1;:::;in)2I1 fi1;:::;inXi11 : : :Xinn1 +P(i1;:::;in)2I2 fi1;:::;inXi11 : : :Xinn (8)where fi1;:::;in 2 Q, I1; I2 � Zn, #I1 = t1;#I2 = t2 � 1, maxfjisj : (i1; : : : ; in) 2I1[ I2g < d for every 1 � s � n. Set also t = maxft1; t2g. Thus, f is (t1; t2){sparseand t{sparse, see Introduction.Consider the following oracle:INPUT: a where a = (a1 : : : ; an) 2 Qn.OUTPUT: f(a) 2 Q [ f�g and if the value � is obtained then one of thefollowing conditions is satis�ed(i) there exist 1 � j � n and (i1; : : : ; in) 2 I1 [ I2 such that fi1;:::;in 6= 0 butij < 0, aj = 0,(ii) the denominator 1 +P(i1;:::;in)2I2 fi1 ;:::;inai11 : : :ainn = 0.Representation (8) will be called uniquely de�ned by its exponents if the coe�cientsfi1;:::;in ; (i1; : : : ; in) 2 I1 [ I2are uniquely determined by the exponents (i1; : : : ; in) 2 I1 [ I2 i.e. the equalityf = P(i1;:::;in)2I01 f 0i1;:::;inXi11 : : :Xinn1 +P(i1;:::;in)2I02 f 0i1;:::;inXi11 : : :Xinn (9)where f 0i1;:::;in 2 Q and I 01 � I1, I02 � I2 entails that I01 = I1, I02 = I2 andf 0i1;:::;in = fi1;:::;in for all (i1; : : : ; in) 2 I1[I2. The (t1; t2){sparse representation (8)of f is called minimal [4] if there exists no (t1 � 1; t2){sparse or (t1; t2 � 1){sparserepresentation of f . 7



Similarly to Section 1 one can prove that if (1) is minimal then it is uniquelyde�ned by its exponents. Also for every representation (8) there exists (�1; �2){sparse representation (9) with I01 � I1, I 02 � I2 (and so and �1 � t1; �2 � t2) whichis uniquely de�ned by its exponents. The analog of Lemma 2 is also valid for thecase of many variables. Namely, if f 2 Q(X1; : : : ; Xn) and representation (8) isuniquely de�ned by its exponents then all the coe�cients fi1;:::;in 2 Q.We need also the following fact.REMARK 2 Let D; r; n and m be integers such that D = 2r + 1 > 1, n > 0and �(Dn � 1)=2 � m < (Dn � 1)=2. Then one can construct in the polynomialtime the uniquely de�ned integers�(D � 1)=2 � mi < (D � 1)=2; 0 � i � n� 1such that m = m0 +m1D + : : :+mn�1Dn�1. Indeed, in this case(Dn�1)=2+m = (m0+(D�1)=2)+(m1+(D�1)=2)D+: : :+(mn�1+(D�1)=2)Dn�1where 0 � (Dn�1)=2+m < Dn�1 and 0 � mi+(D�1)=2 < D�1 and, therefore,mi + (D � 1)=2 are uniquely de�ned and can be computed in polynomial timeWe need the following lemmaLEMMA 3 Let f 2 Q(X1; : : : ; Xn) and there exists representation (8) for f .Let D = 4d+ 1 and f = f(X;XD ; : : : ; XDn�1 ) 2 Q(X).(a) Let representation (8) of f be uniquely de�ned by its exponents. Then therepresentationf = P(i1;:::;in)2I1 fi1 ;:::;inXi1+i2D+:::+inDn�11 +P(i1;:::;in)2I2 fi1;:::;inXi1+i2D+:::+inDn�1 (10)as rational function in one variable is uniquely de�ned by its exponents and(t1; t2){sparse. Besides that, we have�(Dn � 1)=2 � i1 + i2D + : : :+ inDn�1 < (Dn � 1)=2; jij j < dfor all 1 � j � n and (i1; : : : ; in) 2 I1 [ I2.(b) Let f = Pj2J1 fjXj1 +Pj2J2 fjXj (11)is the uniquely de�ned by its exponents and (t1; t2){sparse representation ofthe rational function f such that �(Dn � 1)=2 � j < (Dn � 1)=2 for allj 2 J1[J2. So j =P1�u�n iu;jDu�1 where iu;j 2Zand �(D�1)=2 � iu;j <(D � 1)=2 by Remark 1 for all j 2 J1 [ J2. Let jiu;jj < d for all j 2 J1 [ J2.Set I00r = f(i1;j; : : : ; in;j) : j 2 Jrg, r = 1; 2 and f 00i1;:::;in = fi1+i2D+:::+inDn�1for all (i1; : : : ; in) 2 I001 [ I002 . Then we have the representationf = P(i1;:::;in)2I001 f 00i1;:::;inXi11 : : :Xinn1 +P(i1;:::;in)2I002 f 00i1;:::;inXi11 : : :Xinn (12)which is uniquely de�ned by its exponents.8



PROOF (a) Suppose that (10) is not uniquely de�ned by its exponents. Thenfrom the de�nition of representations uniquely de�ned by their exponents, the factthat D = 4d + 1 and Remark 1 we get that (8) is also not uniquely de�ned by itsexponents. The contradiction obtained proves (a).(b) We have the equality (12) since representation (11) satisfy to the propertiesfrom the statement of the Lemma, D = 4d + 1 and by Remark 1. Representation(12) is uniquely de�ned by its exponents since, otherwise, (11) would not be alsouniquely de�ned by its exponents by the same reasons. The lemma is proved.THEOREM 2 Let f 2 Q(X1; : : : ; Xn) and there exist representation (8) forf such that I1; I2 � Zn, #I1 = t1;#I2 = t2 � 1, maxfjisj : (i1; : : : ; in) 2 I1 [I2g < d for every 1 � s � n. Set also t = maxft1; t2g. Then one can constructusing the black box oracle described all the uniquely de�ned by their exponentsrepresentations f = P(i1;:::;in)2I01 f 0i1;:::;inXi11 : : :Xinn1 +P(i1;:::;in)2I02 f 0i1;:::;inXi11 : : :Xinn (13)such that #I 01 = �1 � t1, #I02 = �2 � 1 � t2 � 1. Besides that, for all 1 � j �n, (i1; : : : ; in) 2 I 01 [ I 02 we have f 0i1;:::;in 2 Q and jijj < 2d(2t � 1). In otherwords one can construct all the uniquely de�ned by their exponents (�1; �2){sparserepresentations of f for all possible 1 � �1 � t1; 1 � �2 � t2. The algorithm uses2t1t2 + 2t2 � 2 evaluations with the oracle and polynomial in tt; logd; n number ofarithmetical operations.PROOF Note that for every representation (13) from Theorem 2 it is ful�lledmax1�j�n; (i1;:::;in)2I01[I02 jij j < 2d(2t� 1)since, otherwise, (3) is not uniquely de�ned by its exponents, c.f. Lemma 3 (c) from[4]. Set D = 8d(2t� 1) + 1. Applying Lemma 3 and the algorithm from Theorem1 to the rational function in one variable f from Lemma 3 we get the requiredrepresentations of f . The estimations for the number of evaluations using theoracle and the number of arithmetical operations follow directly from Theorem 1and Lemma 3. The theorem is proved3 Modular black box oracle for interpolation ofsparse rational functions. Preliminary resultsLet f = P(i1;:::;in)2I1 fi1;:::;inXi11 : : :Xinn1 +P(i1;:::;in)2I2 fi1;:::;inXi11 : : :Xinn (14)where I1; I2 �Zn, #I1 = t1;#I2 = t2 � 1, fi1;:::;in 2 Q for all (i1; : : : ; in) 2 I1 [ I2,M � max(i1;:::;in)2I1[I2 l(fi1;:::;in), maxfjisj : (i1; : : : ; in) 2 I1[ I2; 1 � s � ng < d.9



Therefore the size of f is less than 2t(M + n(1 + logd)). Set also t = maxft1; t2g.Thus, f is (t1; t2){sparse and t{sparse, see Introduction.Consider the following oracle:INPUT: (a; p) where p is a prime number, a 2 Fnp = (Z=pZ)n.OUTPUT: f(a) = f(a) mod p 2 Fp [ f�g where a = (a1 : : : ; an) 2Zn, a modp = a and if the value � is obtained then one of the following conditions is satis�ed(i) there exists (i1; : : : ; in) 2 I1 [ I2 such that fi1;:::;in 6= 0 but p divides thedenominator of fi1 ;:::;in ,(ii) there exist 1 � j � n and (i1; : : : ; in) 2 I1 [ I2 such that fi1;:::;in 6= 0 butij < 0, aj = 0 mod p,(iii) 1 +P(i1;:::;in)2I2 fi1;:::;inai11 : : : ainn = 0 mod p.We suppose that the working time of this oracle for input (a; p) is polynomialin log p, t, n, l, log d.Denote by li the ith prime number for i � 1. For every i � 1 de�ne the sequencepi;j, j = 1; 2; : : : of prime numbers such that(1) pi;1 is the minimal prime number such that pi;1 = 1 mod li,(2) If j > 1 then pi;j is the minimal prime number such that pi;j > pi;j�1 andpi;j = 1 mod li.LEMMA 4 There exist polynomials P1 and P2 such that li < P1(i) and pi;j <P2(i; j) for all i; j � 1.PROOF The existence of P1 follows immediately from the asymptotic law ofdistribution of prime numbers. Show that there exists P2. Setp(�)i = minfp : p is prime & p = 1 mod lil�gfor every � � 1. Then by Linnik's theorem [8] p(�)i < (lil�)c where c is a constant.So there exists a polynomial P3 such that p(�)i < P3(i; �) for all i; � � 1.Denote pi(�) = maxfp(�)i : 1 � � � �g for every � � 1. So pi(�) < P4(i; �) fora polynomial P4 and pi(�) = pi;j� for some j� � 1. Further,2� � Y1���� l� � Yp2fp(�)i : 1����gp � Y1���j� pi;�:Therefore, j� � �= logP4(i; �). Hence, � � P5(i; j�) for a polynomial P5.Thus, for all � > 1 and j��1 � j � j� it is ful�lled pi;j < P4(i; �) < P6(i; j�)for a polynomial P6. Further, j � j��1 � (� � 1)= logP4(i; � � 1) for these j; �.Hence, P7(i; j) > � for all � > 1 and j��1 � j � j�.10



Now we have j� � pi;j� < P4(i; �) < P4(i; P7(i; j)) = P8(i; j)and pi;j < P6(i; j�) < P6(i; P8(i; j)) = P9(i; j)for all � > 1 and j��1 � j � j�. The existence of P2 now follows from the fact thatlim�!+1 j� = +1. The lemma is proved.The following lemma provides a zero{test for rational functions given by a mod-ular oracle.LEMMA 5 Let for the rational function f 2 Q(X) there exists representation(14) for n = 1, X = X1 and t;M; d are the same as in (14). Let li and pi;j be asabove. Let the integer s be minimal such that Q1�i�s li > (4d)t2(t2�1)=2 and theinteger ri be minimal such that Q1�j�ri pi;j > t222Mt+2M for every 1 � i � s. Let�i;j 2Z=pi;jZbe a primitive root of the lith degree from 1, i.e. �lii;j = 1; �i;j 6= 1.Then ls < P(t log d), ps;rs < P(Mt log d) and the rational function f is not equalidentically to zero if and only if the oracle outputs at least one value di�erent from0 and � for one of the inputs from the setS = f�vi;j mod li : 1 � i � s; 1 � j � ri; 0 � v � li � 1g:Thus, the fact that f = 0 identically can be ascertained within the time polynomialin M; t; logd.PROOF The inequalities ls < P(t log d) and ps;rs < P(Mt log d) follows directlyfrom Lemma 4.Let f (1) and f (2) be the numerator and denominator of representation (14) off . Let �i; i = 1; 2 be the least common denominator of all rational coe�cients off (i). Then the t2{sparse polynomial F = X2d�1�2f (1)f (2) 2 Z[X] has coe�cientsFu such that jFuj < t222Mt+2M for all u and deg F < 4d. Note that F 6= 0 isequivalent to f 6= 0.It is su�cient to prove that if f 6= 0 then there exists s 2 S such that F (s) 6= 0in the corresponding �nite �eld. Indeed, in this case the oracle for f at input sgives an output which is di�erent from 0 and �.Let F 6= 0 and F = P1�u�t2 FuX
u where Fu; 
u 2 Zand the exponents 
uare pairwise distinct for all u. The product � = Qi1<i2 j
i1 � 
i2 j < (4d)t2(t2�1)=2.Therefore, there exists 1 � i � s such that l = li does not divide � and hence,
u mod l are pairwise distinct for all u. Consider the ring Z[�] = Z[X]=(X l � 1)where � = X mod (X l � 1). We have proved that 0 6= F (�) 2Z[�].Let Fu 6= 0. There exists 0 � j � ri such that Fu mod pi;j 6= 0. Denote pi;j = pand consider the ring Fp [�] = Fp [X]=(X l � 1) where � = X mod (Xl � 1). We haveproved that 0 6= F (�) 2 Fp[�]. 11



The ring Fp [�] = Fp [X]=(X l � 1) is isomorphic to the direct productY0�v�l�1Fp [X]=(X � �vi;j):Thus, there exists 0 � v � l � 1 such that F (�vi;j) 6= 0. The lemma is proved.COROLLARY Let for the rational function f 2 Q(X1; : : : ; Xn) there existsrepresentation (14) and t;M; d are the same as in (14). Then one can ascertainwhether f = 0 identically using the polynomial in t;M; n and log d number ofcomputations with the oracle described. Namely, one can construct within the timepolynomial in t;M; n and logd the set S0 of inputs for the the oracle such that#S0 � P(t;M; n; logd) and f = 0 identically if and only if the oracle outputs onlythe values 0 and � for all inputs from S0.PROOF Follows directly from Lemma 5 and Lemma 3.Now we give some deinitions.Let 0 < l 2Zand � = �l = e2�p�1=l be the primitive root of the lth degree from1. Let k be a �nite extension of Q such that the minimal polynomial of � over Qcoincides with the minimal polynomial of � over k, i.e. k is an algebraic extensionof Q linearly disjoint with Q[�] over Q.Let ' 2 Q[�]. Consider the representation of the element ' in the �eld Q[�]' = P1�i�t1 ci�
i1 +P1�j�t2�1 dj��j (15)where ci; dj 2 k and 
i; �j are integers such that 0 � 
i < l, 0 � �j < l for alli and j. Representation (15) of the element ' will be called uniquely de�ned byits exponents if the coe�cients ci; 1 � i � t1; dj; 1 � j � t2 � 1, are uniquelydetermined by the exponents 
i; 1 � i � t1; �j ; 1 � j � t2 � 1. More precisely, ifk0 is a �nite extension of k such that the minimal polynomial of � over Q coincideswith the minimal polynomial of � over k0 and' = P1�i�t1 c0iX
i1 +P1�j�t2�1 d0jX�j (16)where c0i; d0j 2 k0 then c0i = ci 2 k and d0j = dj 2 k for all i and j.Now return to representation (1) of f . Set �0 = 0 andI1 = fi : 1 � i � t1g,I2 = fj : 1 � j � t2 � 1g [ f0g,U = f(j; j1) 2 I2 � I2 : �j > �j1g,V = f(i; j; i1; j1) 2 I1 � I2 � I1 � I2 : �i + �j > �i1 + �j1g,A1 =Q(j;j1)2U (�j � �j1), 12



A2 =Q(i;j;i1;j1)2V (�i + �j � �i1 � �j1).So the integer A1 is the product of all non{negative di�erences of exponents ofthe denominator of representation (1) and A2 is the product of all non{negativedi�erences (�i + �j � �i1 � �j1 ). We have A1 divides A2 since t1 � 1.Note that the length of the integerA2 is less than P1(t; logd) for some polynomialP1.The integer l will be called good for exponents of representation (1) if l does notdivide A2 and for every prime divisor l0 of l it is hold l0 > 2t1t2.Denote by k the �eld generated over Q by all the coe�cients ai; bj of represen-tation (1). The integer l will be called good for representation (1) of the rationalfunction f if it is good for exponents of representation (1) and the minimal polyno-mials of � over k and Q coincide.In particular if all the coe�cients ai; bj of representation (1) are rational then lis good for representation (1) if it is good for exponents of representation (1)We shall need the following lemmaLEMMA 6 Suppose that l is good for representation (1) of the rational functionf and representation (1) is uniquely de�ned by its exponents. Set �i = �i mod l,0 � �i < l, �j = �j mod l, 0 � �j < l; �i; �j 2 Z. Then there exists therepresentation f(�) = P1�i�t1 ai��i1 +P1�j�t2�1 bj��j (17)and it is uniquely de�ned by its exponents.PROOF Set �0 = 0 and b0 = 1. The denominator in the right part of (17) is notequal to zero. Indeed, otherwise all the conjugates over k of this denominator wouldbe also equal to zero. Note that �i; 1 � i � t2 are di�erent conjugated to � sincefor every prime divisor l0 of l it is hold l0 > 2t1t2 � t2 and k is linearly disjoint withQ[�] over Q. Further, the Vandemond determinant det(�i�j )1�i�t2;0�j�t2�1 6= 0since l 6 jA1, This contradicts to the fact that not all bj, 0 � j � t2 � 1 are equal tozero and our assertion is proved. So (17) gives a representation of f(�).Suppose that there exists another representationf(�) = P1�i�t1 a0i��i1 +P1�j�t2�1 b0j��jwhich is di�erent from (17) where a0i; b0j 2 k0 and the �eld k0 � k is linearly disjointwith Q[�] over Q. ThenP1�i�t1 ai��i1 +P1�j�t2�1 bj��j = P1�i�t1 a0i��i1 +P1�j�t2�1 b0j��j : (18)Set J = f�i + �j : 1 � i � t1; 0 � j � t2 � 1g. Since l 6 jA2 and for every primedivisor l0 of l it is hold l0 > 2t1t2 > t1t2 and, �nally, k is linearly disjoint with13



Q[�] over Q we have det(�ij)1�i�#J;j2J 6= 0 Now we get directly, c.f. the proof ofLemma 1, that equality (18) is equivalent to the equality of the rational functionsP1�i�t1 aiX�i1 +P1�j�t2�1 bjX�j = P1�i�t1 a0iX�i1 +P1�j�t2�1 b0jX�j :So a0i = ai and b0j = bj due to the fact that (1) is uniquely de�ned by its exponents.The lemma is proved.For arbitrary integer l if representation (17) is de�ned then it will be called thereduction in the ring Q[�] of representation (1).LEMMA 7 Suppose that the prime number l is good for representation(1) of the rational function f 2 Q(X) and representation (1) is uniquely de�nedby its exponents. Let the integer u > 0 be such that l does not divide u and� = e2�p�1=(ul). Let f(�) = P1�i�t1 ci�
i1 +P1�j�t2�1 dj��j (19)where ci; dj 2 Q and the integers 
i = �i mod l, 0 � 
i < lu, �j = �j mod l,0 � �j < lu for all i and j. Then ci = ai, dj = bj, 
i = �i mod lu, �j = �j mod lufor all i and j, i.e. representation (19) satisfying to such conditions is unique andcoincides with the reduction in the ring Q[�] of representation (1).PROOF Let � = �uv1 ; v1 2Zand v = uv1 + l Then GCD(v; lu) = 1 andf(�v) = P1�i�t1 ci�
iv1 +P1�j�t2�1 dj��jv :or f(�v) = P1�i�t1 ci�
il�
i1 +P1�j�t2�1 dj��j l��j : (20)Set k = Q[�l]. The representationf = P1�i�t1 ai��ilX�i1 +P1�j�t2�1 bj��jlX�jinduced from (1) by substituting �lX instead of X is uniquely de�ned by its expo-nents. Therefore (20) is uniquely de�ned by its exponents by Lemma 6. Now thestatement of the lemma follows from the de�nition of the representations which areuniquely de�ned by their exponents applied to (20).Denote by S1 = fz 2 C : jzj = 1g the circumference of the radius one in thecomplex plane. Let Ui; Yi; 1 � i � t1 and Vj ; Zj; 1 � j � t2 � 1 be new variables.Denote by V the subset of C 2(t1+t2�1) de�ned by the system of equationsjYij = jZjj = 1; ImUi = ImVj = 0; 1 � i � t1; 1 � j � t2 � 1:LEMMA 8 Let representation (1) of the rational function f be uniquelyde�ned by its exponents and all the coe�cients ai; bj 2 Q in (1). Let l be a goodinteger for representation (1) and � = e2�p�1=l. Consider the system of equationsf(�m)(1 + X1�j�t2�1VjZmj ) = X1�i�t1UiY mi ; 1 � m � 2t1t2: (21)14



Denote by W the set of all the solutions of this system from the set V. Then thepoint � with the coordinates, see (1),Ui = ai; Vj = bj; Yi = ��i ; Zj = ��j ; 1 � i � t1; 1 � j � t2 � 1;is an isolated point of W.PROOF Note that f(�m) is de�ned since l is good for (1), c.f. the beginningof the proof of Lemma 6. The point � gives a solution of (21) from W. Now it issu�cient to prove that � is an isolated point of W.Let the point �1 fromW give a solution ui; vj; yi; zj; 1 � i � t1; 1 � j � t2 � 1of system (21) . Denote y0 = v0 = 1 and b0 = 1, �0 = 0. Then (1) and (21) entail( X0�j�t2�1 vjzmj )( X1�i�t1 ai��im) = ( X0�j�t2�1 bj��jm)( X1�i�t1 uiymi ); 1 � m � 2t1t2:(22)DenoteI = fi : 1 � i � t1; i 2Zg; J = fj : 0 � j � t2 � 1; j 2Zg,T = f��izj : i 2 I; j 2 Jg [ f��jyi : i 2 I; j 2 Jg,if w 2 T then I(w) = f(i; j) : ��jyi = wg andJ(w) = f(i; j) : ��izj = tg.Now (22) entailsXw2T( X(i;j)2J(w) aivj � X(i;j)2I(w)uibj)wm = 0; 1 � m � 2t1t2: (23)Since #T � 2t1t2 we infer from (23) that for every w 2 TX(i;j)2J(w)aivj � X(i;j)2I(w)uibj = 0: (24)DenoteT1 = f�i : i = 0; 1; : : : ; l � 1g,I1 = fi : yi 2 T1; 1 � i � t1g and J1 = fj : zj 2 T1; 0 � j � t2 � 1g.Suppose that the distance j� � �1j in C 2(t1+t2�1) from � to �1 is less than" = j1� �j. Then yi = ��i and zj = ��j for all i 2 I1 and j 2 J1 since in this caseyi; zj 2 T .Now we deduce from (24) and the fact that l is good for (1) that(Xj2J1 vjX�j )(Xi2I aiX�i) = (Xj2J bjX�j )(Xi2I1 uiX�i)Further, Pj2J1 vjX�j 6= 0 since 0 2 J1 and v0 = 1. Thus,f(X) = Pi2I1 uiX�iPj2J1 vj��j15



is a representation of f . Therefore, I1 = f1; : : : ; t1g, J1 = f0; : : : ; t2�1g and ui = ai,vj = aj for all i; j since (1) is uniquely de�ned by its exponents. So if j�� �1j < "then � = �1, i.e. � is an isolated point of W. The lemma is proved.LEMMA 9 Let representation (1) of the rational function f be uniquelyde�ned by its exponents and all the coe�cients ai; bj 2 Q in (1). Let l be a goodinteger for representation (1). Let t = maxft1; t2g, the length of the numeratorsand denominators of rational coe�cients of f in representation (1) be less than Mand d be an upper bound for absolute values of the degree of the numerator f1 anddenominator f2 of f in this representation. Then there exists an integer N withthe length l(N ) < P2(M; t; logd) for some polynomial P2, and such that N satis�esto the following property. For every prime number p 6 jN , p = 1 mod l and everyelement � 2 Fp = Z=pZsuch that �l = 1, � 6= 1 it is ful�lled f2(�i) 6= 0 mod p forall integers 0 < i < l.PROOF Denote by � the product of all the denominators of rational coe�cientsof f2. Set N = �Q1�i�l�1(�f2(e2�p�1i=l) 2 Z. Then N 6= 0 since l is good for(1), c.f. the beginning of the proof of Lemma 6. The length l(N ) is polynomial inM; t; logd and satis�es to the required property. The lemma is proved.4 Algorithm for reconstruction of rational num-bers by the Chinese remainder theoremThe important particular case of the modular interpolation of rational functions isreconstruction of rational numbers by their reductions modulo di�erent primes.Consider the oracle which for a given prime l at input computes q mod l 2Z=lZ[ f�g where q = q1=q2 2 Q, l(q1) < M; l(q2) < M and if the value � isobtained then l divides q2. The working time of the oracle at input p is polynomialin M and log l.Let l1; : : : ; ls be arbitrary di�erent primes such thatQ1�i�s li > 22M . Note thatq = 0 if and only if the oracle outputs the values 0 and � for inputs l1; : : : ; ls. So wecan always check within the polynomial time whether the considered number ~q 2 Qcoincides with q.The reconstruction of integers using the Chinese remainder theorem is wellknown. The case of rational numbers requires additionally the technics of con-vergent fractions of continuous fractions.LEMMA 10 One can reconstruct q using the oracle described within the timepolynomial in M . More precisely, let p1 < : : : < pr be primes and the set J = fj :1 � j � r& q mod pj 6= �g where the value q mod pj is computed using the oracle(so if pj does not divide the denominator q2 of q then j 2 J). IfQ1�j�r pj > 23M+1then Qj2J pj > 22M+1. If Qj2J pj > 22M+1 then one can reconstruct q knowing16



q mod pj for j 2 J in time polynomial in P1�j�r l(pj). In particular if pj is thejth prime then the working time is polynomial in M .PROOF We suppose that p1; : : : ; pr are given. Compute using the oracle qj =q mod pj 2Z=pjZfor every 1 � j � r and construct the set J .Compute b = Qj2J pj. Compute using the Chinese remainder theorem theintegers 0 � a1 < b and 0 � a2 < b such thatq = a1 mod b and q�1 = a2 mod b:Hence, q1�a1q2 = �c1b and q2�a2q1 = �c2b where c1 and c2 are integers. Computec1 and c2. We have ����a1b � c1q2 ���� = q1q2b and ����a2b � c2q1 ���� = q2q1b : (25)Suppose that jqj � 1 Then����a1b � c1q2 ���� � 1b � 122M+1 � 12q22since jq2j � 2M . Therefore, see [9], c1=q2 coincides with the uniquely de�ned con-vergent fraction in the decomposition of a1=b into the continuous fraction. Thus,one can �nd in this case c1=q2 and after that q1 and q2. Similarly, if jqj > 1 thenone can consider the second equality in (25) and also construct q2 and q1 in therequired time. The lemma is proved.5 Description of the algorithm for modular inter-polation of rational functionsTHEOREM 3 Let the modular black box oracle described in Section 3 for thecomputations of values of a (t1; t2){sparse rational function f in representation (14)be given and all the coe�cients ai; bj 2 Q in (14). Lett = maxft1; t2g; #I1 = t1;#I2 = t2 � 1; fi1 ;:::;in 2 Qfor all (i1; : : : ; in) 2 I1 [ I2 andM � max(i1;:::;in)2I1[I2 l(fi1;:::;in); maxfjisj : (i1; : : : ; in) 2 I1 [ I2; 1 � s � ng < d;i.e. the length of the numerators and denominators of rational coe�cients of f inrepresentation (14) be less than M and d be an upper bound for the absolute valueof degree of monomials of the numerator and denominator of f in this (t1; t2){sparserepresentation. Then one can construct using the black box oracle described all theuniquely de�ned by their exponents representationsf = P(i1;:::;in)2I01 f 0i1;:::;inXi11 : : :Xinn1 +P(i1;:::;in)2I02 f 0i1;:::;inXi11 : : :Xinn (26)17



such that #I01 = �1 � t1, #I 02 = �2 � 1 � t2 � 1. Besides that, for all 1 � j � n,(i1; : : : ; in) 2 I 01 [ I02 we have f 0i1;:::;in 2 Q, the length of the integer numeratorand denominator of f 0i1;:::;in is less than P3(M; t; n; logd) for a polynomial P3 andjijj < 2d(2t � 1). In other words one can construct all the uniquely de�ned bytheir exponents (�1; �2){sparse representations of f for all possible 1 � �1 � t1; 1 ��2 � t2. The working time of the algorithm is polynomial in tt; logd; n; M andthe number of black box computations using the modular oracle is polynomial int; logd; n; MPROOF The estimation jijj < 2d(2t� 1) was proved in Theorem 2. ApplyingLemma 3, c.f. the proof of Theorem 2, we reduce our problem in polynomial timeand with polynomial estimations for the length of coe�cients and length of degreesto the case of one variable functions. Further we shall suppose that the modularblack box oracle described in Section 3 for the computations of values of a (t1; t2){sparse one variable rational function f in representation (1) be given and all thecoe�cients ai; bj 2 Q in (1), the length of the numerators and denominators of ra-tional coe�cients of f in representation (1) be less thanM and d be an upper boundfor the absolute value of degree of monomials of the numerator and denominator off in this representation. We should construct all the representations (3) for f , seeTheorem 1, with the working time of the algorithm polynomial in tt; logd; n; Mand the number of black box computations using the modular oracle polynomial int; logd; n; MNote that every coe�cient f 0i1;:::;in from (26) is equal under our reduction tosome coe�cient ci; dj in (3). Let l be a good prime for (1) and (3) such that thethe length of l is less than P(M; t; logd) for a polynomial P, see Section 3. Set� = e2�p�1=l. Then f(�) = P1�i��1 ci�
i1 +P1�j��2�1 dj��j :The coe�cient ci; dj in this representation are uniquely de�ned and can be foundby solving the linear system over Q if f(�) is known. The size of f(�) is polynomialin M; t; logd due to estimations for (1). So the length of the integer numerator anddenominator of every ci; dj (and therefore f 0i1;:::;in) is less than P3(M; t; n; logd)for some polynomial P3. We got the required estimations for representations (3)(and (26)). Now we shall describe the algorithm for constructing all representations(3).Set d0 = 2d(2t � 1) and M 0 = P3(M; t; n; logd). Denote by R some uniquelyde�ned by its exponents representation (3) which we should construct.Construct the primes l1; : : : ; ls such that l1 > 2t2, for every i > 1 the primeli > li�1 and li is minimal satisfying to this condition, and �nally, s is minimal suchthat Y1�i�s li > 4d02P1(t;logd0):Remind that the integer A2 corresponds to R and the length l(A2) < P1(t; logd0),see Section 3. By Lemma 4 the prime ls is bounded by a polynomial in t; logd0.18



Denote I = fi : 1 � i � s& li 6 jA2g:So Qi2I li > 2d0.For every integer l = li; 1 � i � s construct the �nite sequence of primespi;1; : : : ; pi;ri such that(1) pi;1 = 1 mod l and pi;1 is minimal,(2) for every j > 1 the prime pi;j = 1 mod l, pi;j > pi;j�1 and pi;j is minimalsatisfying to such conditions,(3) ri is minimal such that Q1�j�ri pi;j > 2P2(M 0;t;logd0)+3M 0+1.Remind that l(N ) < P2(M 0; t; logd0), see Lemma 9. By Lemma 4 the primes pi;jfor all 1 � i � s, 1 � j � ri are bounded by a polynomial in M 0; t; logd0 .For every 1 � i � s, 1 � j � ri and l = li, p = pi;j �nd by the enumeration anelement �i;j = � 2 Fp = Z=pZsuch that �l = 1, � 6= 1. Compute using the oraclef(�m) for all 1 � m < l. SetJi = fj : 81 � m < l [f(�mi;j) 6= �]g:For every 1 � i � s, j 2 Ji solve the system of linear equations with coe�cientsfrom Fp X0�u<l�1 �umXu = f(�m); 1 � m < l;relatively to variables Xu; 0 � u < l � 1. This system has a unique solutionXu = �(i;j)u ; 0 � u < l � 1 since det(�um)u;m 6= 0.Consider the ring Fp[�] = Fp[X]=(�l(X)) where �l(X) = Xl�1 +Xl�2 + : : :+1and � = X mod �l(X). So we have f(�) =P0�u<l�1 �ju� in the ring Fp[�].Construct the setI1 = fi : 1 � i � s& Yj2Ji pi;j > 23M 0+1g:We have I � I1 by Lemma 9.Denote � = �l = e2�p�1=l for every l = li; 1 � i � s. Note that if Ji 6= � thenthe value f(�) is de�ned, f(�) = X0�u<l�1�(i)u �uwhere �u 2 Q and pi;j does not divide the denominator of �(i)u and �(i)u mod pi;j =�(i;j)u for every j 2 Ji.For every i 2 I1 and 0 � u < l � 1 apply Lemma 10 and �nd �u 2 Q such that�u mod pi;j = �(j)u ; j 2 Ji:19



Now for every i 2 I1, l = li, � = �li = e2�p�1=li and integers �1; �2 such that1 � �1 � t1, 1 � �2 � t2 consider the following system of equations8>>><>>>: (1 +P1��<�2 V�(Z�;1 +p�1Z�;2)m)f(�m)�P1����1 U�(Y�;1 +p�1Y�;2)m = 0; 1 � m � 2�1�2;Z2�;1 + Z2�;2 = 1; 1 � � � �2 � 1;Y 2�;1 + Y 2�;2 = 1; 1 � � � �1 (27)in 3�1 + 3�2 � 3 variables V�; Z�;1; Z�;2; 1 � � � �2 � 1; U� ; Y�;1; Y�;2; 1 � � � �1which take real values.Every of the �rst 2�1�2 equations 	m = 0 of this system is equivalent to twoequations 	m;1 = 0 and 	m;2 = 0 where 	m;1 = Re	m, 	m; = Im	m. Besidesthat, the polynomials 	m;1 and 	m;2 have real coe�cients from the �eld k =Q[�+ ��1; (� � ��1)=p�1] for all m. So we construct the system8><>: 	m;1 = 	m;2 = 0; 1 � m � 2�1�2;Z2�;1 + Z2�;2 = 1; 1 � � � �2 � 1;Y 2�;1 + Y 2�;2 = 1; 1 � � � �1 (28)which is equivalent to (27) and has real coe�cients.We are interested in the isolated solutions of (28). The length of coe�cientsof equations in (28) is polynomial in t;M; n; logd. Apply the algorithm from [10](c.f. also [2] where the case of general �elds of coe�cients is treated in details) andconstruct a �nite set A(li; �1; �2) of solutions of (28) such that for every connectedcomponent C of the variety of solutions of system (28) there exists ! 2 A(li; �1; �2)\Cand the number of elements #A(li; �1; �2) < P(tt) for a polynomial P. Besidesthat, the size of every element ! 2 A(li; �1; �2) is less than P(tt;M; n; logd) forsome polynomial P. The time required for constructing A(li; �1; �2) is polynomialin tt;M; n; logd, see [10].Construct the set B(li; �1; �2) consisting of the elements(fv�; �(li; �)g0��<�2 ; fu�; �(li; �)g1����1)such that there exists! = (v�; z�;1; z�;2; 1 � � � �2 � 1; u�; y�;1; y�;2; 1 � � � �1) 2 A(li; �1; �2)for which the following properties are satis�ed for all 1 � � � �2 � 1; 1 � � � �1(a) z�;1 +p�1z�;2 = ��(li ;�) and y�;1 +p�1y�;2 = ��(li;�),(b) 0 � �(li; �); �(li; �) < li; �(li; �); �(li; �) 2Zand �(li; 0) = 0,(c) v�; u� 2 Q; v0 = 1.i.e. the elements of B(li; �1; �2) correspond to the solution of (27) with rationalu�; v� and y�;1 +p�1y�;2; z�;1 +p�1z�;2 2 f1; �; : : : ; �li�1g.20



Now for every pair (i; i1) 2 I1�I1 such that i 6= i1 apply the algorithm describedto l = lili1 instead of l = li and construct all the similar sets B(lili1 ; �1; �2) for all1 � �1 � t1, 1 � �2 � t2.Note that by Lemma 8 if i 2 I and the representation R, see above, for therational function f is (�1; �2){sparse then B(li; �1; �2) 6= � and B(li; �1; �2) con-tains the element (fv�; �(li; �)g0��<�2 ; fu�; �(li; �)g1����1) which corresponds tothe reduction f(�) = P1����1 u���(li;�)1 +P1��<�2 v���(li ;�)in the ring Q[�li] of the representation R of f . Further, by Lemma 7 in this casethe set B(lili1 ; �1; �2) contains the element which corresponds to the reduction inthe ring Q[�lili1 ] of the representation R of f where �li li1 = e2�p�1=(li li1 ).Construct the graph G with the set of verticesV (G) = [i2I1B(li; �1; �2) [ [(i;i1)2I1�I1 i 6=i1B(lili1 ; �1; �2)and such that every edge of this graph has the formf(fv�; �(li; �)g0��<�2; fu�; �(li; �)g1����1);(fv�; �(lili1 ; �)g0��<�2 ; fu�; �(lili1 ; �)g1����1)gwhere (i; i1) 2 I1 � I1 i 6= i1 and�(lili1 ; �) = �(li; �) mod li; �(lili1 ; �) = �(li; �) mod lifor all 0 � � < �2, 1 � � � �1.Enumerate the vertices of G from Si2I1 B(li; �1; �2). Let i0 2 I1, l = li0 and� = (fv�; �(l; �)g0��<�2 ; fu�; �(l; �)g1����1) 2 B(l; �1; �2)the considered vertex among enumerated. Construct the set B(�) consisting of thevertex � and all the vertices �1 2 Si2I1 B(li; �1; �2) such that(i) �1 2 B(li; �1; �2) for some i 2 I1, i 6= i0,(ii) there exists a unique edge f�; �2g such that �2 2 B(lli ; �1; �2),(iii) there exists a unique edge f�1; �3g such that �3 2 B(lli; �1; �2),(iv) �2 = �3,(v) for every 0 � �; �1 < �2, 1 � �; �1 � �1 the congruence�(l; �) + �(l; �) = �(l; �1) + �(l; �1) mod lis equivalent to the congruence�(li; �) + �(li; �) = �(li; �1) + �(li; �1) mod li:21



Construct the set of primesL(�) = fl0 : 9i 2 I19�1 2 B(�) \B(li; �1; �2)[l0 = li]g:If Ql02L(�) l0 > 2d0 then apply the algorithm from the Chinese remainder theoremto the problem of �nding the integers �(�); 1 � � � �1 and �(�); 1 � � � �2 � 1such that �d0 < �(�) < d0, �d0 < �(�) < d0 and�(�) = �(l0; �) mod l0; �(�) = �(l0; �) mod l0for every l0 2 L(�) and�1 = (fv�; �(l0; �)g0��<�2 ; fu�; �(l0; �)g1����1) 2 B(�) \B(l0; �1; �2)Thus, we shall construct in the required time the uniquely determined �(�); �(�)or ascertain that this problem has no solution or has not unique solution.Now suppose that i0 2 I, i.e. li0 is a good integer for the representation R and� corresponds to the reduction in the ring Q[�l] of the representation R for f . Thenby (v) the prime li is good for R for every �1 2 B(li; �1; �2) \ B(�). Further, byLemma 7 L(�) coincides with the set of all good primes for R among li; i 2 I1, i.e.L(�) = fli : i 2 Ig. Therefore, Ql02L(�) l0 > 2d0 in this case and by the Chineseremainder theorem there exist uniquely determined �(�); �(�) which coincide withthe exponents in the representation R. Thus, the representation R has coe�cientsv�; u� and the exponents �(�); �(�) for all 1 � � � �1 and 1 � � � �2 � 1.Now if for the considered � we got �(�); �(�) then apply the zero{test fromLemma 5 to the 2t2{sparse rational functionP1����1 u�X�(�)1 +P1����2�1 v�X�(�) � fand ascertain whether f = P1����1 u�X�(�)1 +P1����2�1 v�X�(�)gives a (�1; �2){sparse representation for f .Thus, after the enumeration of all (�1; �2) and all � we shall construct in therequired time the set of all the uniquely de�ned by their exponents (�1; �2){sparserepresentations of f for all possible 1 � �1 � t1; 1 � �2 � t2. The theorem isproved.
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